GOVERNMENT DEGREE COLLEGE, RAVULAPALEM

NAAC Accredited with 'B' Grade(2.61 CGPA)
( Affiliated to Adikavi Nannaya University )
Beside NH-16, Main Road, Ravulapalem-533238, Dr.B.R.Ambedkar Dist., A.P, INDIA
E-Mail : jkcjyec.ravulapalem@gmail.com, Phone : 08855-257061
1SO 50001:2011, 1SO 14001:2015, 1SO 9001:2015 Certified College

Special Functions — 7A

B. SRINIVASARAO. LECTURER IM MATHS GDC RVPM
UNIT-1 Beta- Gamma Functions

Definition: (Beta Function): To define the function Beta by

1

B(l,m) = jxl‘l(l —x)™ 1dx

0

And to define other function called Gamma function by
o
I'(n) = f e ™ x™ 1 dx
0
Properties: 1. Show that f(I,m) = B(m,1)
Solution: BLm) = [} x'71(1 - x)™ dx
But [* f(x)dx = " f(a — x) dx
1
p(l,m) = f(l — 01— (1 —x)]™ tdx
0
1

= f(l —x)t x™dx

0
1
= J.xm_l 1=t dx=B(m,D)
0
2.ShowthatI'(n) = (n — DI'(n — 1)
Solution: By the definition of Gamma function
I'(n) = fooce‘x x" 1 dx
| LATE Formula by Integral by parts [ u v dx = uv;-[ u' v,dx Where v’ = du and v, = [ v dx

I'(n) = fooc x"1 e™* dx
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:[ n-— 1( e—x) _ f (n_l)xn 1- 1( e x)dx
=0-0+m—-1) foooe‘xx("‘l)‘ldx =(mn-DI(n—-1)
3.Show thatT'(1) =1

Solution: By the definition of Gamma function
I'(n) = fome‘x x™ 1 dx
(1) = fooce‘x x171 dx = fOO(e‘x dx =[—e ™| = —[e ® —e 0] = —[ — 1] =1
Note:1.T(0) =c0 T(—m) =0 2.T(n)=Mm-DI(n—-1)
3.T(m)=(n-1)!

_T

4.Show that [~ e ™% x"~1dx I
kn

Solution: Consider

foooe_"xx”_ldx (Put kx =y=>x=% :>dx=%dy)
= eV (2 2dy = = [P ynleVdy = =[x e dy = T2
o xMm-1 o0 xl—l
5.Show that,B(l,m) = fO m dx = 0 W dx

Solution: By the definition of Beta function
BUm) = [ x"1(1 - x)™ tdx

1 1
letx=— and1l—-x=1——=-L
y+1 y+1 y+1

1
:dx——(y+1)2dy
imits: -1 1 ~1_
L|m|ts.Asx—y+1 =>y+1_x=>y_x 1
Putx=0>y=0—-1=0o andx=1$y=%—1=0 Ly=o0to0

Now B(l,m) = folxl-1(1 — x)™ tdx

—17_ 1
f [y+1 y+1 ]m [ (y+1)2 dy]

. ym-1 w  xMm-1

= 0 (y+1)l—1+m—1+2 dy f() (1+y)l+m y_ f() (1+x)l+m

But f(I,m) = B(m, 1)

o xm-1 51

Hence B(l,m) = [

0 (1+x)l+m dx = fo (1+x)l+m
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Theorem: Relation between Beta and Gamma functions

Prove that B(l,m) = Fﬁ’()lffn”;)

Proof: To prove this theorem first note the following identities
1.A(Lm) = fol x(1 — x)™ dx 2T(n) = fooce‘x x™ 1 dx

F(n)
le

and 4 B(Lm) = [

0 (1+x)l+m

3f e kx xn=1dx dx

From (3) f e 7% x!"1dx FZ(? = foooe‘zx zlxttdx = T(1)
Multiply with e~2z™~1 on both sides
fooo e X zlx1=1 e=Z2zm"1dx = T(1)e 2z™ !

fooo e~ (14+X)z Hl+m=1,1-1 1, — F(l)e—zzm 1
F(l)j e Zzm 1qdy = j [f e~ (107 (I+m)—1 g7 1x-14x
0 o Jo

By identity number (3)

F(OT(m) = [ —28 x=ldx = T( +m) s

(1+x)(l+m) )l+m

=T +m)B(, m)

r(r
Hence B(l,m) = F(ng)

Note:AS[)’(l,m)=%putl+m=l=>m=1—l

B1—1)="0ID _ppyp1—1) ==

ra) sinlm

Theorem: Prove that T (%) = /1.

Proof: We know that
B,m) = folxl‘l(l _ x)m—ldx

Put x = sin’0 = dx = 2sinf cos 6 db
And the limits: As sin?6 = x
Put x=0=sin’0=0=sin’0=>6=0

x=1=sin?0 =1=sin’n/2 >0 =n/2
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Now B(l,m)= [ x'~1(1—x)™ 'dx
= fon/Z(Sin29)1—1(1 — sin?6)™ 12 sin 6 cos O db
=2 fon/z sin?'20 (co0s?6)™ 1 sin @ cos O db
=2 fon/z sin?'716 cos?™16 do

r()rm)
But B(I,m) = F(Tnj;

|, TOrm _ 5 fn/z sin?'=10 cos?™~10 do
r(l+m) 0

Letl=m =1
2

1

=2 fgsinz(E)_le cos?() 19 dp

=2[7%1d0 =2(0);* =2{} =n

2
02 — 7 Burr (1) =1
(1)

TGP =n =T (5) =

PPELy pratl
Note: fon/z sin? Gcos?6 df = %
2

Theorem: (Legendre’s Duplication Formula)

: 1 vV
Statement: Prove that I'(m) I' (m + E) = Zznf_l I'(2m)

Proof: We know that

rOrm)

/2
=2 . 21—16 2m—19 d@
F(l n m) JO Sin coSs

r(3) rom) 1,
Put I = = we get (2)1—m =2 [ sin*@710 cos?™19 db
2 F(5+m) 0

1
MG)rem _ o (2 cocom-1g gg ButT (1) =vm

r(5+m) 0

VT(m) _ (m/2 2m-19 40 oo
2T(5+m) B fo €os 6.6 @

Again
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'O I'(m /2

% = ZJ SinZZ—le COSZm_le d@
0

Putl=m

r r /2

% - Zf sin®™~19 cos*™~10 df
0

2

[;gnrzl)] — 22:1_1 foﬂ.'/Z 22m—1sin2m—19 COszm_le 40

- fn/z sin®™~120 do

=22m—2 0
Put26 =t :9=%t andd0=%dt

Also limitsPut0 =0 >t=0and 0 =n/2 =>t=mn

[T(m) ]?
Fam zzmzf sin®™ "t (= dt)

We know that fozaf(x)dx =2 foaf(x)dx where f(2a — x) = f(x)

2
[F(m)] _ 2 J‘T[/Z Zm 1t ( dt)

TL'/2 . 2m—1
Fam = 7 o [ sin?™m 1t dt

22m2 0

Also fon/z sin™6 df = fon/z cos™0 dO (Reduction formula)

[T(m)]? 1 (/2 -
oy = ey oS00

ZIENMT (/2 0 2m-1g g emmmemeee
= T —f m=109de (2)

From (1) and (2)

VAT(m) _ 22"-2[(m) |
21(5+m) r@2m)

=>F(m)l“<m+%) 2;r/n_1 I['(2m)

l) _ (-2

Theorem: Show that T (—n + 135...(2n—1)

Proof: To prove this theorem first to note the formulae

I'(n) = (n—1I'(n—1) Where nis positive

F(n+1)

Replacenby (n+ 1) T(n+ 1) = m)I'(n) =>T'(n) = where n is negative

[‘(—n+%+1) _ I‘(—n+%)
CTINNET
F(—n+%+1) F(—n+£)

) T G )

LHs=r(—n+§)=
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F(—n+

2n+1)
2

l_,(—2n-|-22n+1)

(@)(@) ............ (%)

_ 2r(3)

T (=2n+1)(=2n+3) o (=3) (= 1)

npcd -
- (—1)”(2ni1§((22n)—3).......3.1 - 13('_51)?21\1/—;1) =RHS
Theorem: Prove that 2T (n +2) = 1.3.5 ........(2n — DV
Proof: We know that T'(n) = (n — 1)I'(n — 1) Where n is positive
LHs=2"T (n+3) = 2" (n+2 -1 (n+3-1)
=2t (n=3)r(n—3)
=2"(n—3)(n—1-1)r(n-3-1)
=2 (n=(n=r(n=3)
=2 (n-3)(n-2)...... (n-22)(n-22r (n-22)
_ on (%) ( 2n2—3 ) ......... (Zn—(zn—3) ) 2n—(2n—1) )T (Zn—(;n—l))
=§—: 2n—-1)2n—=13)......3.1 r(%) =1.35........(2n — 1)V = RHS

Problems:

1.Show that ) x* (1 — x)%dx = ﬁ

Solution: We know that

BLm) = [ %11 —x)mtdx , B(L,m) = % andT(n) = (n — 1)!

LHS = f01x4 (1 —x)%dx = fol x°71 (1 —x)3 tdx

_ TG IE) _ (5-DIE-1)!
=BG3) =153 "

(8—-1)!
4121 24 X2
= = X = L = RHS
7! 7X6X5%X24 105
2 — ¥3\1/3 4, — 167
2.Show that [~ x(8 — x*)'/? dx = Ve

Solution:

6 BSR MATHS GDC RVPM  PAPER 7A




Letx3 =8t = x =2tY3 and dx = 2 % t=2/3dt =§ t~2/3dt

3

Limits Ast =- x

|-

Putx=0=2t=0

Putx=2 =t=:2% =1
1
LHS = [ x(8 — x®)Pdx = [ 2t3(8—8t)/22 723t
=2 [Tgi(1— )3 (13 ¢34t
=t

=2 3@ - )Y3de

8
T3 r(2)
_s ARG
3 r(z)
_sr(1-3)rG) __n
=5 o~ BuTOTa-0 =
8 r_ _8r _1rm 1l6n
91 sinE 9 Y3 9 V3 9y3
2
o0 x8(1-x%) 0 x*(1+x°)
3.Evaluate 1.f0 RIS dx Z-fo (1+x)15 dx
. oo x8(1-x9) _ (o xB—x1*
Solution:1. [, T = J, oz 0X
o  x o xl4
" Jo @424 dx — fo (1 X
. x9_1 0 x15—1
0 T X o G 4
) xm—l [o'e) xl_l
BUtﬁ(l' m) - fo (1+x)H+m dx = 0 (1+x)l+m
=B(9,15) —B(159) =0 (=~ B(,m) =B(m1)
oo x*(1+x%) _ oo x*—x?
2'fo (1+x)15 - fo (1+x)15d
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oo X oo X
~ Jo (qen)s dx — (1+x)15 dx

5-1 10-1
(o) X © X
= [P _gx— [*X___gx
0 (1+x)5+10 0 (1+x)10+5
o xm-1 xl-1

dx

But S(L,m) = [,

=24(5,10)  (~ Bm) = B(m,1))

(1+x)l+m dx = fo (1+x)l+m

r;) r@oy ., (s-1)(1o0-1)!
I(5+10) (15-1)!
-9 4191 24 1
14! 14><13x12><11><10 5005

p—171 _ 4,91 _ op+q-1 @ '@
4.Show thatf (1+x) (1—-x)"1dx=2 T

Solution:Leti—izt :>1+x=t(1—x):>x(1+t):t_l:ng

And dx = —>—dt

(t+1)?
L|m|tsAslﬁ=t putx =—1 =t=0 andx=+1 =t =00
l+x=1+=—==2X
t+1  t+1
loyo1_tto2
t+1  t+1
Now ['(1+x)P71(1 —x) Vdx = [ [ == P [ 107
-1 0 Yt+1 t+1 (t+1)2
— op—1+q—1+1 Pt
2 f() (t+1)p 1+gq—-1+2 dt
— 9op+q-1 Pt
=2 fO (t+1)P*a

— pp+q-1 — op+q- 1 TP I'(@)
Bp.q) = rorD

5.Show that i)l“(%—x) F(§+x) = (i—xz)nsecnx
or(2)1(3) =2
Solution: Notethat (1)) T'(1 — 1) = ﬁ andT(n) =(n—1DI'(h—-1)

i)LHS = F(;—x> F(;+x>

=CG-x-r(Z-x-1) C+x-nr(3+x-1)
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=(§—x)[‘(%—x) (—+x)F(—+x)

:(i—xz)f‘(%—x)[‘(l+x)

- (t-)r(-2)r(1-G-)
=(Z_x ) sin(%—x)rr
- (i_xZ) siné—xn) - (i_ 2) Co:nx

=(i—x2)nsecnx RHS
ior(3)r(3)=r(D)r(1-3)=mm=s ="
6.Evaluate i)I" (—% ) i)r (—5)
r(n+1)

Solution: We know that If n is negative number I'(n) =

St ear()= o

Nowi) I'(-1/2 ) =

e 5y _M(5+1) r(2) _ rm(51) o) _—2vm _ evm
”)F(__)_ 5 - 5 - 5 —T 5 3 is  — —
2 - - (5151 [51[-3] - 15
1 dx T
7.Show thatf —x4)1/2 x T =
Solution: Consider [ ﬁ
cos B do

2 _
Let x sinfd = x =+/sinf and df = — m

Limits: As sin 8 = x?
Putx =0 =2sinf =0=sin0= 6=0
x=1=>sinf=1=sinn/2=> 0 =mn/2

T
1 x2%dx = sin @ 1
2 cos 6 db

NOWf (1- x4); —Jo J(1-sin20) 2Vsin 6

1 (2+/sin@
= JZ g cost db

_ 1 m/2 = _1 /2 . 172 0
_Efo Vsm@d@-zfo sin'/? 6 cos°0 do

1..[ p+1 ] [q+1]

Butf ™12 GinP Bcos10 dO = Zr[p+q+2]
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1 a?ax _aT[5] M

2 21“[ J/z+20+2]

0 1
(1-x*)2

_1TOVE _ R re

43 4 [S-ric-n)
Vi TQ rQ
n 4 4
= — = T —f= - 1
4 [3I0(7) vr r(3) @)
2
Consider folﬁ Letx? =tanf = x =+Vtan6 and do = th;Tesec2 6 do

Limits: As tan 8 = x?2
Putx =0 =2tan0 =0=tan0= 6 =0
x=1=>tanf =1=tann/4= 0 =n/4

s
1 dx — 1 1
Now [ ————= = [#
fO (1+x4)% 0 /(1+tan26) 2vVtan 0

sec? 6 do

T
_ 1,1 1

~ 270 sech 2vtan@

_ 1 m/4 sech _1 rm/4 1
- 2f0 \/tanedg T2 fO Vsin @ cos @ do

sec? 6 do

_1 /4 1
T Vz J.0 V2sin6 cos 6 do

1

_ 1 /4
T2 dfo Vsin 20
Let20 =t = 2df = dt

do

and limits 0 =0=>t =0 0=n/4=>t=m/2

1_dx _ 1 ,(m/2_1 _ 1 2 .
0 (1+x4)% S22 d fo Vsint 2 fo sin t cos’t df
2 oi r(22)
But foﬂ/ sin? Bcos6 dO = 2 o >
2r[ EX
5+ 0+1
1 dx 1 r 22 F[T]

0 17 92 _1
(1+x4)2 21"[ 2+20+2

1 TQIE 1 VarQ

=4\/§ F(%) NG r(%) ________ )

_rt x? dx 1 dx _ F(%) 1 ‘/EF(%)_ T
LHS = fO (1—x4'/? X J‘0 (1+x4'/? =V r(%) W2 [‘(%) T w2 RHS
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Special Functions -VII1(B)CLP

B. SRINIVASARAO. LECTURER IN MATHEMATICS GDC RVPM

UNIT-1V Legendre’s Equation
Definition (Legendre’s Differential Equation):

A differential equation is in the form
d?y dy
Tz 2x dx +n(n+1)y=0

is called Legendre’s Differential Equation or Legendre’s Equation where n is a constent

(1—-x%)

It has two solutions denoted by P, (x) and Q,,(x) and defined by

1.3.5... (Zn 1) _ nn-1) n—-2 n(n-1)(n-2)(n-3) e —4 o
P (x) = ! [ 2.2n-1) x + 2.4.(2n-1)(2n— 3) - ] and
_ n! -n—1 _ m+1)(n+2)  _,_3 m+1)(n+2)(n+3)(n+4) _p_c o
Qn(x) = 1.3.5....(2n+1) x 2.(2n+3) x 2.4.(2n+3)(2n+5) x + ]

Theorem: Generating Function for B, (x)
Prove that B, (x) is the coefficient of h™in the expansion of the power series of
(1 — 2xh + h?)~1/2
Proof:

13 2+13 X34 - 13N g 13.CnoD) g,
246 24..n-2)" 24....(2n)

Note that (1 —x)"%2=1+- x +=
Now (1 — 2xh + h?)™Y2 = [1 — h(2x — h)]"Y/?

13....(27’1 3) hn 1(2x h)n 1

= 1 _ 1342 —_m)2 4 ...y L3(@n73)
—1+2h(2x h)+2.4h(2x h)* + +24 ~an=2)

13..@n-1) pp o pyn
t e M@ =R

The coefficient of A"

1.3...(2n-1) n , 13..(2n-3)

2,13..(2n-5)
2.4....(2n) (2x) 24....(2n—2)

24 ~(2n—4)

(n—1)C, (2%)"" (n—2)Cy(20)"* +..o..
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_13..2n-1) oy, 13..2n-3)(2n-1)2n
T 24...(2n) 2%x +2.4.....(2n—2)2n(2n—1)(

_ 1)2n—2xn—2

13....(2n 5)(2n-3)(2n-1)(2n-2)2n (n-2)(n-3) on—4,n-4 |

24.... (2n-4)(2n-2)2n(2n-3)(2n-1) 21 ST e
_ 135000 [ g n0=D) g mO-DO=D03) g ]2
- n! 2.(2n-1) 2.4(2n-1)(2n-3) - ]_Pn(x)

= The coefficient of h™ in (1 — 2xh + h?)~Y2 is P,(x)
It follows (1 — 2xh + h?)~Y/2 =¥%_ A" P,(x)
And is called generating function for P, (x)

Theorem: Laplace First definite integration for B, (x)
Prove that P,(x) = %f:[ X +Vx? —1cosp]"de

Proof: We know by definite integration

frr do _ T
0 atbcosep VaZ-b2

Puta=1-—xh and b = hVx?2 —1
~ a* —b?*=(1—-xh)®? —h*(x* —1)=1—2xh + h?

= @b = (L 20k 4 Y
T
— )2 = T+ bcosad
1)= n(l—2xh+h ) 2 fo a+bcos(,0
_ " d

0 (1-xh) +(hvx2-1)cos @

T de
0 1-h[x +Vx2—1)cos ¢]

= fon[l —h{x +Vx2—1)cosp}] tdep Lett={x ++Vx2—1)cose}

= Jy[1-ht]'dg
=S T Yo h"Bu(x) = [J[1+ht + (h)2 + (ht)® + -+ o+ (RO +......] do
Comparing the coef ficients of h"

TPy (x) = [y t" do

1 s
= P,(x) =;j [ x++/x%2 —1cos@]"de
0
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Theorem: Laplace Second definite integration for B, (x)

1 de
Prove that P, (x) = ;fo [ x+Vx2—1 cos p]™+1

Proof: We know by definite integration

frt do . T
0 atbcosop a%-p?

Puta=xh—1 and b = hvx?2 -1
~a?—b?=(xh—-—1)%?-h?(x*-1)=1-2xh + h?

2y-1/2 _ _ 2y-1/2 _ (1 _2X 1)7H?
bV =m(1—2xh+hH) V2 =2 (1-Z 4 1)

T 2x 1 _1/2_ T do
(1)$Z(1_7+h_2) - fO atbcose

T do
0 (xh—1) +(hVvx2-1)cos¢@

_ (T do
~J0 p{x+VxZ—1cosp}-1

Lett=h{x ++Vx?—1)cos ¢}

T 2x 1 _1/2_ T dp (T -1 (1 1\71
3(1_7-'_?) = (t—1)_f0[t_1] d(p_fo?(l_?) de

00 1 1
= %ZmoﬁPn(x) = f —[1+ +3 SRR ST e TP lde
T 1 1
=Ll:+3 + ey S e RN lde

1
— 0 _ o
- fO ZO tn+l fO ZO h"+1{x +V/x2—1) cos p}n+1

T wo 1 Moo 1
= h Znzoh_"P”(x) o fO 2o h™1{x +Vx2—1) cos @}n+1

Comparing the coef ficients of h™*!

de
mh (x) fO [ x+Vx2—1cos @]n+1 de
Orthogonal properties of Legendre’s Polynomials
Prove that i) f_+11 P,(x)P, (x)dx wherem #n
Ll)f [ P,(x)]?dx = anﬁ wherem =n
Proof: By the definition of Legendre’s Differential Equation
2y 5 WY —
(1—x2) ~ Zxdx+n(n+ Dy=0

_ 2y 3 v
(1 x)d2 2x +m(m+1)y—0
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And they can be written as
;—x [(1 —xz)%] +nn+1)y=0 and% [(1 —xz)z—z] +m(m+1)y=0
Buty = B,(x) and y = B,,(x) solutions
s (=SR] +nm+ DR =0 X By(x)
and = [(1 - xz)%Pm(x)] +m@m + DP,(x) =0 x P(x)
o (L= xS = B [ =2 By | + [n(n+ 1) = m(m + 1)]PR, = 0

Integrating on both sides from -1 to +1 wrt X

+1

+1 d d d d
f—l Pm Ir [(1 —xz)aPn] dx - f—l Pna [(1 —Xz)apm] dx
—[n(n+1) —m@m+1)] f_+11 P,P,dx =0

d 1 41, d

P|@ =P [ B [ =) R

d +1 1 , d
Py |1 =2 - Pu| B[ ) P
~[nn+1) —m@m+ D] [*] P,Pydx =0

[n(n+1) —m@m+1)] f_+11 P,P,dx =0

= f_+11 P,P,dx =0 form#n
+1
= f P,(x)P,(x)dx =0 form+n
-1
ii) f [ P,(x)])%dx = 2n2+1 wherem = n

By the generating function for P, (x)
(1 —2xh + h?)~Y2 = 3% h™ P,(x)
Squaring on both sides (1 — 2xh + h?)™ = [ X7 o A" B,(x) ]2
sides (1 — 2xh + h*)™t = XF h2"[ Py(x) 12 + 2 Yn i man K™ By () P (%)

Integrating on both sides from-1to +1wrtx

f+111 ——— dx = X7 h2n f+1 P,(x)1?’dx +0 from second orthogonal property

Se 2 [ R0 Pdx = [ —

-1 1-2xh+h?

= —[ilog(l —2xh+h?)] 1
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= —i [log(1 — 2k + h?) —log(1 + 2h + h?)]

L -y _ ——[log(1 — h) —log(1 + )]

2h 08 (1+h)?

x2  x3  x*
BUt'Og(1+X)—X—7+?—T+ ..............

x%2  x x
Andlog (1-x)=-x-S-L -2 _ .
o +1 1 h3 hS h2n+t
ZO hznf_l[Pn(X)]de: ~h [—2h—2?—2?— --------- Zm“]
2 4 2n
=2+4+28 42 442y
3 5 2n+1

Comparing the coefficients of h2"
[P PPdx =

Recurrence Formulae

2
2n+1

I. Prove that (2n + 1)xP, = (n + 1)P,,41 + NPy
Proof: By the generating function
(1 —2xh+ h?)72 =3y% A" P,(x)

Dif ferentiate w r t h on both sides

-1 3 -
— (1= 2xh + h?)Z(=2x + 2h) = Z nh™1 B, (x)

n=0

3 (o]
(1 — 2xh + h2)2(1 — 2xh + h?)(x — h) = (1 — 2xh + h?) Z Rk P (x)
n=0

1 (o] (o] [ee]
(x —h)(1 —2xh+ h?»)"2 = Z nh™" 1P, (x) — 2x Z nh™ P,(x) + z nh™1 P, (x)
n=0 n=0 n=0
(x — h) Z h"P,(x) = Z nh™ 1 PB,(x) — 2x Z nh™ B, (x) + Z nh™*1 B, (x)
n=0 n=0 n=0 n=0

Comparing coefficient of h™ on both sides
xPy(x) = Pp_q(x) = (0 + 1) Ppyq1(x) — 2xnP,(x) + (n — 1)Py_1(x)
2n+ 1)xB, = (n+ 1)Ppyq + nPy_4
Il. Prove that nP, = xP',, — P',,_4
Proof: By the generating function

(1 —2xh +h?)™Y2 = 32 h" Py (x)
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Dif ferentiate w r t x on both sides
(1 - 2xh + h2)H(~2h) = Bipso k" P/ (x)

h(1 = 2xh + h?) ™2 = X2, h" P’ (x)

(1 2xh+h?) 72 = 232 1" Py (0)—emmer()
Again Dif ferentiate wr t h on both sides
(1 - 2xh + k)2 (=2x + 2h) = Lo nh" T Py(x)
(x — h)(1 — 2xh + h?)™2 = ¥, nh"L P, (x)
(1 - 2xh +h?)72 = —= 32 k"1 B (x) -(2)
From (1) and (2)

1 oo ’ 1 0 _
Z2n=0 h™ P n(x) =E2n=0nhn lpn(x)

(x —h) Zioo A" P'u(x) = R 7o nh™ ! By(x)
Comparing coefficient of ™ on both sides
xP'y(x) = P'noq(x) = nhy(x)
= nP,=xP', — P4
Il Prove that (2n + 1)P, = P',,41 — P'poa
Proof: By recurrence formula - |
2n+ D)xB, = (n+ 1Py +nPy_4
Differentiate w r t X on both sides
2n+DxP', + 2n+ DB, =+ P4y +nP' 4 - (1)

By Recurrence formula — 11 nP, =xP', — P',_;

Put the value (2) in (1)
Cn+D[nP,+P' 4]+ 2n+ 1B, =n+ 1P,y +nP' 4
Cn+1D(n+ DB, =(n+ 1P,y —(n+ P4
>@2n+ 1P, =P, —P,_;
IV. Prove that (n + 1)B, = P',,;; — xP',

Proof: By Recurrence formula -11
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nP, = xP',, — P',,_; (To prove the theorem)

By Recurrence formula -111

(2n+1)B, = P',,41 — P',,_1(To prove the theorem)-----(2)

Subtracting (1) and (2)
(n+ DB, =Py —xP'y
V. Prove that (1 —x2)P',, = n(P,_; — xP,)
Proof: By recurrence formula IV
(n+ DB, =P'pyy —xP'y
Replacen by (n—1)
NP,y =P —xP'p_q - 1)
By recurrence formula Il
nP,=xP', —P',_,= P,_,=xP,—nB,
Put the value in (1)
nP,_y = P',, — x(xP', — nPk,)
nP,_, = P', — x*P',, + nxP,
= (1—=x*)P'y =n(Pp-1 — xPy)
VI. Prove that (1 —x2)P',, = (n+ 1)(xP, — Ppy1)
Proof: By recurrence formula - |
2n+ 1)xB, = (n+ 1)Py4q + nPy_4
(n+ DxP, + nxB, = (n+ 1)P,; + nP,_;
(n+ D[ xP, — Ppy1] ==nPyp_y — nxPy
(n+ DI xP, = Ppya] ==n[ Ppoq — xPy] - (1)
By recurrence formula - V
= (1= x2)P'y = n(Pyoy — XPy) =-(2)
From (1) and (2)
(1= x?)P'y = (n+ D[ xB, = Poai]
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Theorem: State and prove Rodrigue’s Formula

Statement: Prove that

(x* ="

n(x)_,—z,,dn

Proof: Let y=(x*—1)".

Differentiating, dy =n(x?—1)"-1.2x

dx
o l) =-2n xy.
Differentiating (n+l) times by Leibnitz Theorem, we have
_(a+N)n dvy
(x "'l)dn+l+( +1)d"‘ 2x 21_'5-'-2
"‘2"[ *dx n+1 +(n+1) dxn ]
dri3y dnt
or (—1) 53 +2x Y —n(n+1) ——=
or (1—x%) ‘; _f, 2x :x"’: +n(n+l) =0
d»
P 4
ut Z= dxn

wdZ , dZ

(1—x?) a?_2x E+n (n+1) Z=0

which is Legendre’s equation.

Hence its solution is

=c P, (x) where ¢ is a constant

or %-“d'-(‘)- A1)

Putting x=1, we have

d"y

dxn
Liow y=(x3—1)r=(x+1)".{x— 1)

Diﬂ'erentiating n times by Leibnitz’s theorem, we have

dry

Tun =(x—1)". d - (x+1)"+n. {dd - (x+l)"} a(x—1)"14..,

c= ) . Since Py(1)=1
X}

d n
+n(% (x+l>")3-;,,-_—, (x— 13+ .55 (x—=1)1
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n!
=(x—1)"n !+n.?——; x+1)m(x=1)14...

oG 1) T (=) (x 1 L

i = d.y = n le==2n 1=
Putting x 1(3}-") =(141)".n l=22".nl=c

Xmm]

. From (1), we have

dn
Pn(x}=cl’ ‘Tx‘_};
1 dr(x*—1)"
or PX)=z a1 ~axs
Problem : 1 Show that
(3x*—1)

Pyx)=1, Pyx)=x, Py(x)= =1, Py(x)=4 (5x*—3x)

Solution : 'We know that

Z Pnp(x)=(1 - 2xh$h*)~1/2

n=0
={l—h (2x—h)}"1/?
= l+£'— (2x-—h)-t-—l-£ h®* (2x—h)?
o 2 ' 2.4

1.3.5 01,357
to a6 X+ 6
or Po(x)+h Pl(x)"'h‘ Fz(x)-’-h' Pa(X)'i' ht P.(x)"!'...
=1+x.h+§ (3x2—1) i*+ § (5x* -3x) A®
+4(35x% -30x*43)+...
Equating the coefficients of like powers of A, we Save
Py(x)=1, Py(X)=x. Ps(x)=} (3x% - 1), Po(x)=1} (5x°—3x)

B (2x—h)*+ ...
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Problem-2 Show that (l} P,,(I )=1 :
(H) Pp(—x)=(—1)" Pa(x).

Hence deduce that Py(—1)e=(—1)~
Solution : (i) We know that

T hn Po(x)=(1—2xh+ h?)=1/2

n=0

Putting x=1

Z b7 Pa(1)=(1—2h+h?)-1/2

=(1—h)~

=ltht bt .t o= B b

Equating the coefficient of A", we bave P,(1)=1,

(i) We have, (1 —2xh+h?)~12= 3 hn P,(x)

n=0

s (A 42xh+h2)-13={1—2x (—h)+(—h)*}'/*
= Z (—h) Pax).

n=0
= F (—1)" b Py(x). (D)
=0
Again  (14+2xh+h?)"2={1—2 (—x) h+hP-1"
=% b Po(—x). 2
n=0
From (1) and (2), we have
(= =] o0
Z‘oh"P,.(—-x}= Sn(— 1)"h» Pa(x).

Equating the coefficients of A,
P, (—X)=(—1)" Pa(x).
Deduaction. Putting x=1, we have
Po (—1)=(—1)" Pu(l)
=(—1)". Since P, (1)=1.
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Problem 3 Prove that P,(0)=0, for n odd

(—1y32nl
and PoOr= 3z 17
(i) We know that
1.3.5;.!(211— l)[ U (n—1) -

for n even,

Solution:

P. (1):—

n(n—1) (n—2) (n—3) _ _ .
taa.@n-1)@—3) * ]
When n=(2m+-1), odd then

1.3.5...{2 (2 1—1
Pymir(x)= (2{m-(|—:,;-:— ) }

(2m+1) (2m+1—1)

wm+l Im+1-3 .

x[" 2.2(2mr)—1} * "']
Putting x'=0, Pami1 (0)'='0-

ie. Py (0)=0, when_n is odd.

Also we have

T b Pa(x)=(1—2xh+h1)-1
n=o

E;h" Pa(0)= (1 4h®)~ 2= {1l —(—h?)}-1/2
.3,
W1-3.5..(2r—

T 2.4..2r

Here all powers of A on the R.H.S. are even.
Equating the coefficient of 4*™ on both sides, we have

D Zneyt...

1.3.5...2m—1) (2!
Pam O==5737¢ am (V"= =Gy
i.e. when n=2m, then
_(= 1)"/2 n!
£, (0) 27 {(nf2) '§ Proved.

+1 , 2n (n+1)
Problem-4 I_l (x*—1} Pnyr P'a dx=(2n+ 1) (2n+3)

Solution: From Recurrence formula V, we have
(x’— l) P’n=n (xPn—Pu...]).

1
r (X3—1) Pnyy P’ dx
-1

+1
t‘:—"l]- ﬂ(x PH—PJI-I.) P.+1 dx
-1
the other integral being zero

since
+1 1 -
ﬂnl xPaPn+1 dx, PMP' dx=0’ lf"'#'l
-1 -
1 (n4-1) Puy1+n Paoy
—1 In+1 Pnyy dx from Rec. formula I
n(n+1) (¥ ,, nt® J~n
|=—'—"'2n+1 » P n+1 dx+ 2u+l - Pﬂ—l Pﬂ-l-l dx
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n(n+1) 2
T2n+1) " 2(@+DH+1
2n (n+1)
=(@2n+1)(2n+3)
Problem-5  Prove that

(i) I:: Pn(x) dx=0,n#0

+0

+1
and (i) J Py(x) dx=2.
-1
Solution:  From Rodrigue’s formula, we have
1 a
P =z @ (X1

+ 1 +1 gn s u
.[-1 P..(x) dx= in T J._l e (x3—1)* dx

- d (1)
Now et (% —-1)»:.

—- (x+l)" (x—1)"
=(x+1)" : - (x—1I)"

+= (et 1)1 2

d = (Xx—=1)"+...
+(x~l)" Zem (x+1)7

1
=(x+1)n’]'-; (x—1)

!
+7 (1—1) (x+ D)7 2 (- 1)1+
e (x—=1)"nl (x4+1)

=0 when x=—1 or 1
since each term contains (x—1)
and (x+1)

+1
from (1), J' | Pu(x) dz=0.
(ii) We know that Py(x)=1.

+1 +1 +1
J ) Py(x) dx-—:I dx={ x} =2,
- -1
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Problem -6 Prove that (i) Py’ (1)=4n (n+1)
(1) Py’ (—=1)=(—=1)*"1 §n (n+1).
Solution : P,(x) satisfies Legendre’s squation
(=x%) B _2x ¥ L n (n41) Pu(x)=0
dx? dx
(1=x%) P,*(x)—2xP,'(x)+n (n+1) Px)=0 ...(1)
(i) putting x=1, in (1), we have
—2P, (1)+n (n+1) P, (1)=0
P'n (1)=4n (n+1), since P,y (1)=1
Putting x=—1 in (1), we have
2P'(—1)4+n (n41) Py (—1)=0
or Pa(=1)=—=3n(n+1) Py(—=1)
=(—1)""13n (n+1) since Py (=1)=(—1)"

Problem -7 Prove that
+ 2n (n+1)

2 L L o S
I_ X Posy Pooy dx (2n—1) (2a+1) (2n+3)

1
From Recurrence formula [, we have
(2n+41) x Pr=(n+1) Papa+n Pay.
Replacing n by (n—1) and (4 1) respectively, we have

(2n—1) x Poy=nPy+(n—1) Pp_y
and (2n-+-3) X Pppy=(n+2) Pagat+(n+1) Pa

Solution:

Multiplying

(2n—1) (2n+3) x* Priy Poy=n (n+1) P4+n(n+2) P, Ppys
+(n—1) (n4+2) Py_g Pays
+(ﬂ—l) (l'l-l-l) Pu-l Pn

Integrating between the limits —1 to 41, we have

+1
(2n—1) (2n+3) I X PraPyy dre=n (141 )rl P dx
- -1

all other integrals being zero
2
=n (”+l)_(2u+l)
1
N 2n (n4-1)
o x? Ppyy Ppy dx=
.f:. # e =GR =) @n+ D) (2n3)

&&&&EE&E
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PAPER 7A.UNIT-3 HERMITE POLYNOMIALS

B. SRINIVASARAO. LECTURER IN MATHEMATICS.GDC RVPM
Definition (Hermite Differential Equation)

A differential Equation is in the form

d?y dy _
E—ZX;‘FZA}I— 0

Where A is a constant,is Hermite Differential Equation

Solution of the Hermite Differential equation is denoted by H,, (x) and defined by

@) iy
—-1)" n!
Hn () = rl(n—2r)!

r=0

(Zx)Tl—ZT‘

Where (g) = 2 iff nis even number

= % (n—1) if nis odd number
Theorem: Generating function for Hy, (x)

n
Prove that e2t*~t* = y°_ % Hp (%)

2 3 n
Proof: Note that e¥=14+>+= 4+ X+ . R
1 21 3l nl
2 3 n
Ande™=1-Z+Z 24 . (=D
1 21 3! n!
Now e2tx—t? — p2tx ,—t?
2 3 n 2 2
S i U €22 S €50 P 2.2 TON b g g Gaio K i 3 v R
1! 2! 3! n! 1! 2! nl
o (@) oo (t*)*
= Lr=0" Zs:O(_l)ST

R o 1) 2x)"
- Zs,r:O(_l)s m tr+25

In the above expansion the coefficient of t™ is
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(Zx)n—ZS

(n—-2s)!'s!

Yszo (=1)°

Takingr +2s=n=r=n-—2s

n . .
Asr=0too =1r>20>n—-2s=>20>n=>2s =>s=7 if nisevenand

n
s < > if nisodd

- The coefficient of t™ in e2t*¥~t*

(Zx)n—ZS

(%) s n\ _n . .
ZS=O (-1 Tzeret where (E) =3 if f nis even number

= % (n—1) if nis odd number
The coefficient of t™ in e2t*~t*

n
1 (3

L3z (s

n!

n! (2x)""28

n n . .
2551 where (—) == iff nis even number

2 2

= % (n—1) if nis odd number

The coefficient of t™ in e2~t js — H, (x)
n!

It follows e2t*—t* = Yo % Hy (%)

Theorem (Other form of Hy, (x))

Prove that

1 d?
Hn(X) = 2" {exp(—zﬁ Xn}
Proof: We know that % (e?t*) = 2te?t*

2
%(ezwc) — (Zt)Zeth

n
In general, :7 (e?X) = (2t)"e?™®

- 1 a" (eth) — ¢np2tx
21 dxn

(lix)n eth — tneth ______ (1)

1 d? 1 1 az\"
Now {exp(~;75)e**} = [ S0y (~122) 17

_1\n 2n
= 22, S (32) €2 but from (1)

n! de

v D" on oy
—2n=0 nl t“"e
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1
th }:n_ & — |)
Z)n

_ J2txyoo ()" _
e Zn:() ni - -

_+2 2
et = 2t = 32 | L, ()

— eth

i fexp(— 2L ye2) = zs;ot;’j Ha ()
{exp(—Mlx2 }Zn O(th) Yin= o Hp (%)

Comparing the coefficients of t"

(e (-2} 57 = H ()

n!

= H,x)= 2" {exp(———2 x”}

4 dx?

Rodrigues Formula

2 dm" 2
Prove that H,(x) = (—1)"e”* o © x
Proof: By the generating function
2tx—t? _yoo oy en
e - Zn=0 n! Hn(x) (1)

But 2tx —t?2 = —(t? — 2tx) = —(t? = 2tx + x*> —x?) = —(t —x)? + x%? = x? — (t — x)?

(1) = eX* -0

= S Hy() + 5 Hi(0) + & Hy() o + 5 Hy(x )+ +11)' H,y oy (2) -

Dif ferentiate partially w r t 't 'with n times and thenputt = 0

0" x2—(t-x)2 _ M
oo © = ()

— o2 92" —(t-x)?
H,(x) = e Pyl

_ _ _ ot _ 9" _ oyt
Putt—x=ubutt=0 = —x-= uandan—a(_x)n—( )axn

A (G LD L AL n 0" ,-x?
Hy(x) = e* 5 e et et =e” ‘(-1 pyed

Hence Hy(x) = (—1)"e*” 4

dxn

2
ex

Theorem: (Orthogonal Properties of Hy, (x) )
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—x2? . .
Prove that [* ¢ HyOHn(dx =0 ifm#n, =+m2'n! ifm=n
Proof: By the generating function

CE = Zn 0_,Hn(x)

And e =y 0 Him (%)

Multiply the above
2
p2tx—t? 52sx— —s2 Zn 0 H (X) Zm O m(X)
o M i -
Zn,m:on!_fn! Hn(X)Hm(X) = p2tx—t% p2sx=s

ﬁ H,(x)Hy,(x) = The coeff of t"s™in p2tx—t? g2sx—s*

Multiply with e and apply integrationw r t x from — o to +

f_":oe‘ —H n(XHL (X)dx = The coeff of t"s mmf X gata=t® p2sx=s* gy ___(1)
Consider
f+°° o~ X% g2tx—t? 525x—5? . — f+°° o~ (P Ht2+ s2=2tx=25X) 5 ________ (2)

But (x —t —s)? = x? + t?+ s% — 2xt + 2st — 2xs
W —(x2+t2 4+ s% = 2tx — 2sx)
= —(x% + t?+ s% — 2xt — 2xs + 2st — 2st)
=—(x—t—=5)%+2st
e—(x2+t2+ s2-2tx-2sx) — e—(x—t—s)ZeZSt

+o0  _,2 12 _c2 400 (s N2
From(2) f_oo e X eth t est S“dx = eZst J‘_oo e (x—t—s) dx

+o00 _,,2
=e®t " "e™"dx whereu= x—t—s

_QZSt\/E
ZSt 2st)? 2st)™
el @t e
2! n!

From (I)fjozo e ﬁHn(x)Hm(x)dx =+ i—n forn=m

!

=0 for n#m

f+we_x2Hn(x)Hm(x)dx =0 ifm#n =+m2"n! ifm=n

Recurrence Formulae:
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L. Prove that H',,(x) = 2nH,_1(x)
Proof: By the generating function
o th _ —t2
Yo Hy(x) = et
Differentiate w r t x on both sides
o thim — 2tx—t?
Srcos Hn(0 =2t e
Again, by the generating function

Zn O_IH,n(X) =2t Zn 0 H (X)

Yin= 0_.H’n(x) =2 Y- 0 o H n(%)

Now comparing the coefficients of t"

Hry 1 ’
2 =2 —=Hy 1 () = H'p(x) = 2nH, ()

II. Prove that 2xH,,(x) = 2nH,,_;(x) + H,,+1(x)
Proof: By the generating function
S0 Ho(x) = et

Differentiate w r t t on both sides
S0t Hy(x) = (2x — 20)e2t
Yo — —~ L n(x) =(2x —2t) Yp- 0 H, (%)

Zn 0/ _1\1 ( H (X) 2x Zn 0 H (X) 2 Zn 0 n n(x)
Now comparing the coefficients of t"

—Hp 1 (%) = 2x — —Hy (%) — 2 -1

1 1
Hpt1(X) = 2% —Hy (%) — 2 ﬁHn_l(x)

= 2xH, (x) = 2nH,_1(x) + Hp+1(x)
II1. Prove that H' ,(x) = 2xH,,(x) — Hp+1(x)
Proof: By recurrence formula -1
H'y(x) = 2nHp_q (x) ------ (1)
Also, by recurrence formula -11
2xHy (x) = 2nHp_1 (%) + Hyyq (%) ----+(2)
(1) -(2) = H'(x) = 2xHy(x) — Hpy1 (%)
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IV. Prove that H" ,(x) — 2xH',,(x) + 2nH,(x) =0
Proof: By the Hermite Differential equation
d?y

= 2x % + 2ny = 0 But H,,(x) is the solution of the D.E

~ H",(x) — 2xH',(x) + 2nH,(x) =0
Problem:s:
1.Show that H",,(x) = 4n(n — 1)H,,_,(x)
Solution: By recurrence formula-I

H'y(x) = 2nHpy_q (x) ------ 1)
Differentiate w r t X
H"n(x) = 2nH'y 4 (x) - )
Againfrom (1) H',,(x) = 2nH,_1(x)
Replace n by (n-1)
H'_1(x) =2(n—1)H,_,(x) putthe valuein (2)

H",(x) =4n(n — 1)H,_,(x)

2.Prove that 1) Hy,(0) = (—1)" Z2 i) Hy44(0) = 0

Solution: 1) By the generating function

S0 Hy(x) = et
Putx =0 Z?f:o%l H,(0) = e~ t?
ST () Sl o Y i 1 A
e - (0)—1——+—— ~~~~~~~~ +(— 1)n_+ ~~~~~~~~

Comparing the coefficients of t2"
1 2
GiHan(0) = (“1)" == Hp(0) = (-)"

ii) Again, to comparing the coefficients of ¢"*1

(2n+ 1)!
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3.Show that [H x) 1= Hy_m (%)

(n m)’

Solution: By the generating function
o t" _ _42
S0 Hy(x) = et

Apply ;x_m on both sides
o thdm _am —t2 42
Zn=05dx_mHn(X) _dx_meth e — (Zt)meth t

o thtdam o t"
Yn=077 Z-m Hn(¥) =(26)™ Zn=o§ Hy (%)

=2m Zn 0 n! n(X)

Zn On' dxm n(X) ZmZn 0 n! n(X)
Putr=n+m=n=r—-m forn=0=>r=mand forn=0 =>r =00

Comparing the coefficient of t"

1 d

n'dxm

Hy(x) = 2™ —— Hp-m(®)

(n- m)'

Henced [Hx) ] =

Hp-m (%)

(n m)'

All the best
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Chapter-3 Bessel’s Polynomial

Definition: A differential equation is in the form

d’y 1dy n?
a2t xaxt (172 y=0

Is called Bessel’s Differential equation.

And it having two solutions Denoted by J,, (x) and J_,,(x) and defined by

Jn(x) = $2 o —S ( g )n+2r and

r!I(n+r+1)

Jon () = N2, — D ( g )—n+2r

r ! I(—n+r+1)

Note that

Jo) =1-S+ 2 __=

22 2242 224262
Recurrence formula — |
Prove that xJ’_ (x) = n J,(x) — x Jpn41(x)

Proof: We know that

= (=17 x \MH2T
]n(x):Zr! F(n+r+1)(§)

r=0

Differentiating wrt x

] (x) = T'F((nTm(n +29) ( )Tl+2r—1%
O
- 3 ;0=0T!r((;i):+1) (f )n+2r + i ?=0rf;z7)1:—(r2:1) (f)nﬂr
=2 J,@+2%2 m(f)"”r Uty 1 sor st

BSR MATHS GDC RAVULAPALEM.KONASEEMA DIST




@) =2 )0 +23e L(g)”%ﬂ)

s!T(n+1+s+1)

S ] ( )__ ﬁ(g)nﬂﬂsﬂ
=20 -2 (3 6)

x ] (x) =n Jo(x) = x Jnpa ()
Recurrence formula — I
Prove that xJ’_(x) = —n J,(x) + x J_1(x)
Proof: We know that

d (_1)7” x \Nt+2r
Jn(x) =;)r! F(n+r+1)(§)

Dif ferentiating wrt x

(-1 n+2r—1 1
] (X) r ! F(n+r+1) (TL + 21") ( ) E
, v (DTC@2n+2r-n) (x n+2r
xJ n(X) o ZT:O r!T(n+r+1) ( 2 )
_ (-1 x n+2r - (=1)"(2n+2r) n+2r
=n Z 01T (n+r+1) ( ) + Z 0 41 r(n+r+1) ( )

_ 1)r2(n+r) x n+2r—1 X . 3
= J,00 + 2% ) (_) (_) *Tn+1) =nl(n)

2

x]' () =-n] () +xX2 —ﬂ(_)(“—l)”r

'IT(n—1+r+1)
=—n Jo(x) + x Jp_1(x)
Hence x/', (x) = —n J,(x) + x Jp_1(x)

Recurrence formula — 111
Prove that 2J", (x) = Jp—1(%) = Jas1 ()
Proof: We know that

d (_1)7” x \Nt+2r
Jn(x) =Zr! F(n+r+1)(§)

r=0

BSR MATHS GDC RAVULAPALEM.KONASEEMA DIST




Dif ferentiating wrt x

1) X n+2r—1
2], () = S o (420 ()

=0 r! F(n+r+1)

(D" (n+r+71) ( x )n+2r—1

2]'n(x) = E?O”O:O

r!T(n+r+1) \ 2
o (-1 r ( x )n+2r—1 N ZOO (=1)"(n+7) ( x )n+2r—1
=0 r(n+r+1) \ 2 =0 rtr) \ 2

ButI'(n + 1) = nl'(n)

_ w (_l)r (f )n+2r—1 N Zoo (=17 (n+7) (E )n+2r—1
=0 -1y 1T(ntr+1) \ 2 "=0r1 (4Pt \ 2

Putr—1=s=>r=s+1

ern(x) =y i(f)mzwﬂ)—l N Z?‘;OL(E)@_D +2r

=0 sir(n+1+s+1) \ 2 r1T(n—1+r+1) \ 2

=S ()T L@

s!IT(n+1+s+1) 2
Hence 2]’n(x) == Jar1 (@) + Jno1 ()
Recurrence formula — [V

Prove that Zn]n(x) = x[]n—l(x) +]n+1(x)]
Proof: We know that

Jn(x) = Zﬁioi ( x )n+2r

riT(n+r+1) \ 2

_1\T n+2r
2n Jn () = BiZo 2o (5)

r!T(n+r+1) \ 2

o (D7 [2n+2r-27] ( x )n+2r
2

- Zr=0 rIT(n+r+1)

= 2%, (=1)" () (g)””r + Y (-7 (2n+2r) (f )"+2r

1T (ntr+1) =0 i r(ntr+1) \ 2

“mres(3) ()R G) ()

N T(n+r+1) r! (n+r)I'(n+r)

Putr—1=s=>r=s+1

= —XXr=o

(-1)5+1 x\nt2(s+1)-1 o
( ) +x2r=0

(-7 x n—1+2r
sIT(n+1+s+1) 2 ( 2 )

r! T(n—1+r+1)

o (-1)S x n+1+2s
=X ZT:O sIT(n+1+s+1) ( E ) + x]n_l(x)
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Hence 2nJ,(x) = x[Jn-1(x) + Jp41 (2]

Recurrence formula — V
Prove that — [ 2™/, ()] = =X /41 (x)
Proof: L H S === [ x™/,(x)]
= [-nxT ] +x7 ) (%)
=[x )] +x 7t ) (30
= x7" =nJp,(x) +x ], (0]
But by Recurrence formula— 1 xJ' (x) =n J,(x) = x Jp41 (%)
d
fo [XTR00] = xR 00 + 1 () = 2 ()]
= x " —x )1 () ]== =x "4 (x) = RHS
Recurrence formula — VI
Prove that - [ 2™/, ()] = x"J;,_; (x)
Proof: LH S = :—x [ ™). ()]
=[x )] +x™ )7, (%)
=[x, ()] + 2™ x ) ()
= x""Hnfp () +x ', (x)]
But by Recurrence formula— Il x/’ (x) = —n [, (x) + x J—1 (%)
d
© Ix [ 2], (0] = x" 1], (X) = n Jo(x) + % Jyeq (0]
= X" HxJp1()]==x"[_1(x) = RHS
Theorem: Prove that if n is the positive integer the coefficient

x( z——; ) 2
of 2" in the expansion of e in ascending and decending

powers of 2. Also prove that J.(x) is the coefficient of z=" multiplied
by (—1)* in the expansion of above experssion.
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- Xz _’_ xz\? | z\»
‘['*2 +2!(2‘) +-"+‘s(z‘)

(_])u(x )l (,-])n-’-'. x \n+1
AT \2z ‘*'(n+1)!(2_z)

Coefficient of z” in this product
Y- A e 2 (205
“al\2) (n+D!\ 2 (2) +(n+2)!2_!°(?)(7)

). l X n42 1 Xx \#+d

(-1)° (x\" (=) x \*

=l'(n+l)( 2 ) T !l“w+2)'(_2)
_§i=1) x |
+2!,['(,T,3)°(—2‘) o

l X n4+2r
o & (1) £
",-=o( b r'.In4+r+4 l)'(z)

T

Similarly, the coefficient of z=* in the product
_(-—l)’ _x- n (-—l)"’;‘_ x x \"+i
T n! 2 +(n+l)!7'(—2—)

+armm(3) (3) "+

0G0 () ]

= (=1D"n(x)
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Problems:
1. Prove that
D) -n(x) = (=1)"] (%)
ii)J,(—x) = (=1)"J,(x) For x is positive.

Solution: i)By the definition of J_,(x)

_ o L f —-n+2r _
JonG0) = B ( . ) letr =n+s
_ v (—1)™+s x )T
= 25=0 (n+s) ' T(-n+(n+s)+1) ( 2 )

s L x n+2s)
= ( 1) Zs:O (n+s) ! T(s+1) ( 2 )

= (D" 2R () = cayy )

s!IT(n+s+1) \ 2

—_1\" n+2r
ii)We know that J,(x) = X&) ——2— ( : )

r!IT(n+r+1)

If n is positive and to replace x by — x

Ju(=x) = Z;"Ozoi ( _Tx )n+2r

r!(n+r+1)

o M(f)nnr

= Lr=0

r!I'(n+r+1) \ 2
_1\T n+2r
=Dt Z?:o% ( g) =D, (Sincse (—1)%" = +1)
; _ |2 .. _ 2 o
2.Show that z)]_%(x) = \/; COS x ii) ]%(x) = \/; Sin x

Solution: i) We know that

Jo(x) = Z;};Oi (g)nnr

r!T'(n+r+1)

_ (_1)0 x n+2(0) (_1)1 x n+2(1) (_1)2
- O!F(n+o+1)(5) 11T (n+1+1) (E) 2!F(n+2+1)(

r(nl.,.l) (E)n + 1! (n-:)lz“l(n+1) (g)n (%)2 + 2 !(n+2)((:li)j)l"(n+1) (g)n (2)4 L

— 1 X n x2 x4
- F(n+1)(5) [  4(n+1) 32(n+1)(n+2)+ """"""" 1

Putn = —=
2

1

J-1/2 (x)= —(

I(— +1)

N IR
N—"
|
[u=y
~
N
—
—_
I
=
N
N—
+
[N
=
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1 (2\1/2 x2  x*
= (3) =T ]
2 X

i) Again

_ o (_1)1" f n+2r
Jn(x) = Xr=o r!T(n+r+1) ( 2 )
_ (_1)0 (E )n+2(0)

(_1)1 x n+2(1)
T 0IT(n+0+1) \ 2 (5)

(-1)? x\+2(2)
11T (n+1+1) T [(n+2+1) (E) LA
- _1 x\" (-n* x\" [ x)? (-1)2 NN
B F(Tl+1)(5) +m(z) (E) +2!(n+2)(n+1)]"(n+1)(5) (E) + -------------
—_ 1 X n x2 x4
- F(Tl+1)(5) [1_4(n+1)+32(n+1)(n+2)+ """"""" ]
Putn =2
2
_ 1 x /2 x2 x4
J1y2(0)= m(g) [ _4(%+1)+32(§+1)(%+2)+ ----------- ]
1 X 1/2 52 e
el wews vl W 1— S+ — e+ —mmmmmmeee
rols) UogtEim ]

3.Show that i)\@ J3(x) = i sin x — COS x
2

Jo(x) = 3o, — D ( x )n+2r

r!I'(n+r+1) E

= x n+2(0) (1)t x n+2(1) (-1)? x n+2(2)
_O!I‘(n+0+1)(2) +1!I‘(n+1+1)(2) + (2)

2! T(n+2+1)

= r(nl+1) ( E )" + #13"1(714-1) ( g )n ( g )2 *3 !(n+z)((;1+)j)r(n+1) ( E )" ( g )4 +
F(nl+1) (g)n [1- 4(:16;) + 32(n+ﬁ;(n+2) L —— |
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J3/2(%) r<gl+1)(§)3/2[1‘4(;1) 32(z+13(;+2)+ """""""" ]
T OAE G
T W= Rttty )
S S —— |

2 4
Z @ =t A
2 73 3

+ ___________
2.3.5 3.5.7.8

_ 2x? 4x* n 6x°
T 23 2345 23.4.56.7

(LoD a2 (LoDt (L L) ,s
_(2! 31)x (4! sz)x +(6! 7!)x-+ _________________

X X
=l5-gtg =5+ ]
2 .4 46 2 4t x6
==ty +1= 45—~ 1]
x2  x* x6 1 x3 x5 x7
=1 -G+ g Al [x— St 1-1

= —[Cosx—1]+§ [Sinx]—1= isinx—cosx

2sinnm

2
TJn

Theorem: Prove that @ []‘—”] =
dx L Jn

Proof: By the definition of Bessel’s formula

a2y  1dy ( _"_2) _
dx2+xdx+ 1 x2 y_O

But J,, and J_,, are solutions of the Dif ferential Equation

L d%Jp 1 d]n( n?
odx2 x dx

And Llny 18 TY) =0 o (2) X ]y

dx? x dx

d*Jn dz]—n] 1 [ dJn d]—n] _
[]_ndx2 ]n dx? T x ]_"dx ]n dx =0
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—_

sz ), d;{;"] )
oS- 1%

[ d%n - 21-n]
Wax2 I gx2
d d
[] djn_ J— n]

“Nax M dx

Integrating on both sides [ =— f% dx

dln  dln A
log[ ]_nd——]n I "] = —logx +logA = log;

dJn dj_ A
J-n d]x —Jn (;x = Tt (3)

C (-1) X\ G (=) +2r) x o\l
=>TZ;)r! F(—n+r+1)<§) szor! F(n+r+1)(§> (7)

had 1) n+2r s —1)"(— ) —n+2r /1 A
_;T!F((n+)r+1)<;> XZO’"(! Fz—(nill--rl'_+r1))<%> <§>=§

Comparing the coefficient of %

1

FCatDrmen n~ C™I=
A= 2n = 2 — 2 __2 _2sinnm

I(—n+1)f(n+1) I(-n+1)r(n) r(m)r(1-n)

- Y3
sin nm

Put the value in (3)

A _ 2sinnm
]—n dx ]n dx -

X X
dj-n djn _ _ 2sinnm
]n dx _] nogx X
Dividing with J 2 on both sides
]nd{ixn—]—nd;;l _ _ 2sinnm
]Zn B ”szn
Hence = ["—”] = _Zsinnm
dx Jn T/n
Theorem: Prove that
drp , n n+1
2 _ 2
a[]n +] (n+1)] =2 [ T — 1)
d !
Proof: LI+ P = 2l + Zniaf g, oo M

By Recurrence Formula — |

X' () =1 Jn(xX) = % Jniq (%)
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=" =% o= Jnpr e @)
By Recurrence Formula — 11

xJ' () = =n Jn(x) +x Jn_q (x)

_ n

]’n_ ]n+ ]n—l

X
Replacingn by (n + 1)
' _ 1
Il L (3)

Put the values (2) & (3) in (1)

I+ P | = U+ Unai i

n n+ 1
=2l ~ Jn = Jner 1+ 2fnaal=—— Jne1 + Jn]

2n 2(n+1)

= _]nz —2/nJns1 —

X

Jriit 2nne

n+1

_ n;o2
= 2] Tn® = )
d
Theorem: Prove that — (x Jn Jn+1) = X[Jn® = J? (1]
Proof: We know that (uvw ) =u'vw+uv'w+uvw'
d I l
Now a (x]n]n+1) = ]n]n+1 + x] n]n+1 + x]n] n+1 "7 (1)

By Recurrence Formula — |

x],n =N Ju — X Jpgq - (2)

By Recurrence Formula — 11
x]' () = =n Jn(x) + x Jn_1 (x)
Replacing n by (n + 1)
I N A 3
Put the values (2) &(3) in (1)
= O JnJne) = JnJner + ()" ) Jnwr + (T ) Jn
= Jonert (0 I =X 1) Jnea + (1) Jnpa X0 ) I
= Jadnr 10 InJnir =% ey — 0+ D) JnJngr + 257
= x[Jn® =] (ep)

&&&&E&ES
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Special Functions VII A

2.Power series and power series solutions of Ordinary differential Equations

B. Srinivasa Rao Lecturer in Mathematics GDC Ravulapalem.
Infinite series:
A series is the sum of the terms in the sequence < u,>. that is
if <up>=<ugU2Us, ...,Un....>theit’s infinite sum
Ui +Uzx+ Us+ ...+Un+. ...

is called an Infinite series and is denoted by }.o>; u, or Y u,

1 1 1 1 1 . ..
Example: Let<=>=<=, =,..... =, —,...... > is a sequence of positive terms then
n 1° 2 n n+1
1 1 1. . g s .
-+ =+..... - +— ... = Y= is an infinite series.
n n+1 n

Cauchy’s n'" root test. Let Y, u,, is a series of positive terms such that  lim %/u, =1

n—oo

then i) If | <1 convergent. ii) If | > 1 divergent iii) If | =1 test fails.

D’ Alembert’s Ratio Test on convergence of a series. Let ), u,, is a series of

positive terms such that lim -2 =|

n—-oo Up

1)If I <1 Series Convergent. ii) If I > 1 Series Divergent. iii) If | = 1 test fails.
Power series: An infinite series are in the form
Y oA XM =ag+ a;x + ax? +azx3 + apxt +asx®+ ...
called power series
Radius of Convergent series:
A positive number r is said to be the radius of convergence of a power series if the power

series convergent for every | x | < r and divergent for every | X | > r
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Theorem:
If the power series Yoo a, x™ = ay + a;x + ayx? + azx® + axx* +asx®+ .............
is such that a,, # 0 for all n and

lim 2ot =1
n—-oo dnp T

then Yoo a, x™ convergent for | x | < r and divergent for every | x| > r
Proof: Letu, = a,x" for all n
Upsr = e x™1 foralln
Now

n+1
Adn+1 X

anx

A n+1
an

Un+1
Up

= lim

n—-oo

| x| = lrﬂ --(1) (~ Given lim 21t :l)
n—oo

an r

= lim

n—-oo

lim

n—-oo

By D’Alembert’s Ratio test
a. 'Tﬂ < 1= |x| <r Convergent b. ":—' > 1= |x| > r divergent

Theorem:
If the power series Yoo a, x™ = ay + a;x + ayx? + azx® + axx* +asx®>+ .............
is such that a,, # 0 for all n and

iym -1

lim a,

n—»,oo

then Yoo a, x™ convergent for | x | < r and divergent for every | x| > r

Proof: Letu, = a,x" forall n

lim (w7 = lim a7 = lim | a7 = 2

n—oo n—oo n—-»oo
By Cauchy’s nth root test

M <1 = |x| <r Convergent b. %> 1= |x| > 7 divergent

r

a.—
T
Note: Also, you find the radius r of the convergence of the power series.

(n+1)x™
nn+2)

Problem — 1: Find the radius of the convergent series }:

Solution: First to compare the given series with .7, a, x™

(n+1) _ (n+2)
n(n+2) n+17 1) (n+3)

n=

2 n3(1+2)2
Now i ant1 _ 1 (n+2) n(n+2) — i nn+2) - lim T w
0 nll{}o an n‘l‘é‘o (n+1)(n+3) (n+1)  no0 (n+1)?(n+3) n—co n3(1+%)2(1+%)
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. . an
~ Radius = lim =1
n->0 Ayyq

ann
!

2.Find the radius of the convergent series ), -

Solution: First to compare the given series with }.7°_, a, x™

Zn 2n+1
=77  Mn+1T o
. . nti1 ! . 2
Now lim 2 = |im X 2= lim — = o
n—-oco an n—oo (TL+1)! 2n n—-oo n+1
. . 1
~ Radius = lim =2 == =0
n—o dpt1 ©
. . . nyn
3. Find the radius of the convergent series ) —

Solution: First to compare the given series with Y7, a, x™

_n" _ (m+1)t?!
an_m Any1— (n+1) !
: . +1)n+1 . +1)" . 1\"
Now lim 242 = Jim & s 2o fjm &4D° = iy (1+_) = e
n—-oo Qan n-ooo (n+1)! n" nooo nm n—oo n

, . 1
~ Radius = lim = ==
n—o an+1 e

4. Find the radius of the convergent series Z(_l)nxzn

' 9 (n1n222n

Solution: First to compare the given series with Yo, a, x™

. (_1)11. _ (_1)n+1
n = Gnezen Ind1T (G zazne:
NOW 11m | %I — . 1 (Tl !)22277. _ _
n-oo  dn n—oo ((n+1) 1)222n+2 1 n—oo 4(n+1)?
. . a
~ Radius = lim — = o
n-oo An+1

Power series solutions of Ordinary differential Equations

Problems: 1.Solve by power series method y' —y =0
Solution: Let y = Y5 ga, x™ = ag + ayx + ax? + azx3 + a,x* +asx® + .............
is the power series solution of the given differential equation
Now y'= a; + 2a,x + 3asx? + 4a,x3 + Sasx*+ .............

Put the values in the given differential equation y' —y =0

= [ay + 2a,x + 3a3x? + 4a,x3 + Sasx* + ... ]
-[ag + a1x + azx? + azx3 + aux* +asx®+ ... =0
= [ (a; — ag) + 2ay—ay)x + (3az — az)x? + (4daz,—az)x3 + (5as —a)x*+ ......... =0
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Comparing the corresponding coefficients on both sides

a,—ag=0---(1)= a, =aq,

a a
2a2_a1:0 "'(2):>2a2:a1:a0$a2:70:2_?
3a3_a2 :O “'(3)$3a3:a2:%:>a3:%:%
4a,—az3 =0 —-(4)>4a,=az = % = a, = % = %Etc put the values in

y=ay+a;x +ax?+azx3+ agx*+asx®+ ...

— @ 2 ; % .3 % .4 4 % .5
y—a0+a0x+2!x +3!x + TR +5!x F o

y=ag[1+x+ a2 +oxd+ —xt+oxS+ ]
2.Solve by power series method y"' — 4y =0
Solution: Let y = ¥% sa, x" =ag + a;x + a,x? + azx3 + ayx* +asx®+ .............
is the power series solution of the given differential equation
Now y'= a; + 2a,x + 3asx? + 4a,x3 + Sasx*+ .............
And y"'=2a, + 6azx + 12a,x% + 20asx3 + .............

Put the values in the given differential equation y"" — 4y =0

= [2a, + 6azx + 12a,x% + 20asx3 + ............ ]
-4lag + a;x + a,x® + azx3 + ayxt +asx®+ ... =0
= [ (2a, — 4ay) + (6az—4a)x + (12a, — 4ay)x? + (20ag—4az)x® + ......... =0

Comparing the corresponding coefficients on both sides

2a2 — 4a0 =0 ““(1) = a, = 2a0
6a;—4a; =0 -—-(2)= 6a; = 4a; = a; = @ a, = §a1

12a, — 4a, = 0 —--(3) = 12a, = 4a, = a, =§ a, = 2

|
Q
<)

20a5 —4a; =0 --(4)=> 20as = 4a; = as =z a = —a,
Put the values in
y=ag+ a;x +ax?+azx®+ ax*+asx®+ ...

4 2 4
y=ag+ a;x + 2a5x? +§a1x3 +3 ao x* +Ea1x5 Foe,

y:a0[1+2x2+§x4+ ............. 1+ al[x+§x3+ix5+ .......... ]
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3.Find the power series solution of the equation (x> — 1)y"”" + xy' —y =0
Solution: Let y =¥% sa, x" =ag + a;x + a,x? + azx3 + ayx* +asx®>+ .............
is the power series solution of the given differential equation
Now y'= a; + 2a,x + 3asx? + 4a,x3 + Sasx*+ .............
And y"'=2a, + 6asx + 12a,x* + 20asx3 + .............
Put the values in the given differential equation
(*=1Dy"+xy'—y=0
(x?2 — 1) (2ay + 6azx + 12a,x% + 20asx® + .o .nl)
+x(a, + 2a,x + 3a3x? + 4a,x% + Sasx* + .........l)
—(ap + a1x + azx? + azx® + apx* +asx® + o) =0
Comparing the corresponding coefficients
Consistent —2a, —a, =0 = a, = —%
x- coefficient —6a; +a;, —a; =0= a; =0

x?2- coefficient 2a, — 12a, + 2a, —a, =0

> —12a,+3a, =0 —12a, = —3a, = -3(-2) = 25 g, = -2
x3- coefficient 6a; — 20as + 3a; —a; = 0 = But a3 = 0 hence as =0
Put the values in

y=ag+ a;x+ax?+azx3+ axt+agx®+ ...

Y = o+ agx + (= 22) 22 + (2% + (= 22) x* + (x5 + oo

xz x4
y = ao[l — ? + E + ............]+a1x

4.Find the power series solution of the equation (x% + 1)y"” + xy' —xy =0
Solution: Let y = Y% sa, x"=ag + a;x + a,x? + azx3 + ayx* +asx®>+ ............
is the power series solution of the given differential equation
Now y'= a; + 2a,x + 3asx? + 4a,x3 + Sasx*+ .............
And y"'=2a, + 6asx + 12a,x* + 20asx3 + .............
Put the values in the given differential equation
x2+ 1)y " +xy —xy=0
(x? + 1)(2a, + 6azx + 12a,x% + 20asx® + ..oco.ee.nl)

+x(a, + 2a,x + 3a3x? + 4a,x% + Sasx* + ..........)
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—x(ag + a;x + azx? + azx® + a,x* +asx® + ...........) =0
Comparing the corresponding coefficients
Consistent 2a, =0 = a, = 0
x- coefficient 6a; + a;, —ap =0= a3 = %(ao —ay)
x?2- coefficient 2a, + 12a, + 2a, —a; = 0
= 12a,+4(0)a, —a; =0= 12a, = a; = a4=%
x3- coefficient 20as + 6a; + 3a;—a, = 0= But a, = 0
zmg+%%=o$zmkz—mh=—9Emm—%ﬂ=0
= as = —%(ao —ay)
Put the values in
y=ag+ a;x+ax?+azx3+ ax*+asx®+ ...

y=ay+ax+ (0)x?+ [%(ao —al)]x3 + (%)x4+ [_43_0(“0 —al)]xS Foe

x3 3

x5 X X
y—a0[1+?—ﬁ+ ............ ]+a1[x—?+—+ ............ ]

HW

5.Find the power series solution of the equation y”’ + xy’ + x2y = 0

4 6
Ans Yy = @g[1— 5+ 5o+ e [Hax—=-Z+......... ]

Al the best
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