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Special Functions – 7A 

 

B. SRINIVASARAO. LECTURER IM MATHS GDC RVPM 

UNIT-1 Beta- Gamma Functions 

Definition: (Beta Function): To define the function Beta by 

𝛽(𝑙, 𝑚) = ∫ 𝑥𝑙−1(1 − 𝑥)𝑚−1𝑑𝑥

1

0

 

And to define other function called Gamma function by 

Γ(𝑛) = ∫ 𝑒−𝑥  𝑥𝑛−1
∝

0

 𝑑𝑥 

Properties: 1. Show that  𝛽(𝑙, 𝑚) =  𝛽(𝑚, 𝑙) 

Solution:                           𝛽(𝑙, 𝑚) = ∫ 𝑥𝑙−1(1 − 𝑥)𝑚−1𝑑𝑥
1

0
 

                                     But ∫ 𝑓(𝑥)𝑑𝑥 =
𝑎

0
∫ 𝑓(𝑎 − 𝑥)

𝑎

0
 dx 

𝛽(𝑙, 𝑚) = ∫(1 − 𝑥)𝑙−1[1 − (1 − 𝑥)]𝑚−1𝑑𝑥

1

0

 

= ∫(1 − 𝑥)𝑙−1  𝑥𝑚−1 𝑑𝑥

1

0

 

= ∫ 𝑥𝑚−1 (1 − 𝑥)𝑙−1   𝑑𝑥

1

0

= 𝛽(𝑚, 𝑙) 

                    2.Show that Γ(𝑛) = (𝑛 − 1)Γ(𝑛 − 1) 

Solution: By the definition of Gamma function  

Γ(𝑛) = ∫ 𝑒−𝑥  𝑥𝑛−1∝

0
 𝑑𝑥  

 I LATE Formula by Integral by parts ∫ 𝑢 𝑣 𝑑𝑥 = 𝑢 𝑣1-∫ 𝑢′ 𝑣1𝑑𝑥  Where 𝑢′ = 𝑑𝑢  𝑎𝑛𝑑 𝑣1 = ∫ 𝑣 𝑑𝑥    

                                               Γ(𝑛) = ∫   𝑥𝑛−1  𝑒−𝑥∝

0
 𝑑𝑥     
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                                                        = [  𝑥𝑛−1(−𝑒−𝑥)]0
∞  −  ∫ (𝑛 − 1)𝑥𝑛−1−1(−𝑒−𝑥)𝑑𝑥

∞

0
 

=  (0 − 0) + (𝑛 − 1) ∫ 𝑒−𝑥∞

0
𝑥(𝑛−1)−1𝑑𝑥 = (𝑛 − 1)Γ(𝑛 − 1) 

    3. 𝑆ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 Γ(1) = 1  

Solution: By the definition of Gamma function  

Γ(𝑛) = ∫ 𝑒−𝑥  𝑥𝑛−1∝

0
 𝑑𝑥  

∴  Γ(1) = ∫ 𝑒−𝑥  𝑥1−1∝

0
 𝑑𝑥 = ∫ 𝑒−𝑥  

∝

0
 𝑑𝑥 = [ −𝑒−𝑥]0

∞ = −[𝑒−∞ − 𝑒−0] = − [ 
1

∞
− 1 ] = 1   

Note:1. Γ(0) = ∞      Γ(−𝑛) = ∞   2. Γ(𝑛) = (𝑛 − 1)Γ(𝑛 − 1) 

         3. Γ(𝑛) = (𝑛 − 1)! 

 4.Show that ∫ 𝑒−𝑘𝑥∞

0
𝑥𝑛−1𝑑𝑥 =

Γ(𝑛)

𝑘𝑛  

Solution: Consider  

              ∫ 𝑒−𝑘𝑥∞

0
𝑥𝑛−1𝑑𝑥                 (Put 𝑘𝑥 = 𝑦 ⇒ 𝑥 =

𝑦

𝑘
 ⇒ 𝑑𝑥 =

1

𝑘
𝑑𝑦 ) 

            =∫ 𝑒−𝑦∞

0
[ 

𝑦

𝑘
]𝑛−1 1

𝑘
𝑑𝑦 =

1

𝑘𝑛 ∫ 𝑦𝑛−1𝑒−𝑦𝑑𝑦 =
1

𝑘𝑛 ∫ 𝑥𝑛−1𝑒−𝑥𝑑𝑦 =
Γ(𝑛)

𝑘𝑛  
∞

0

∞

0
     

5.Show that 𝛽(𝑙, 𝑚) = ∫
𝑥𝑚−1

(1+𝑥)𝑙+𝑚

∞

0
 𝑑𝑥 = ∫

𝑥𝑙−1

(1+𝑥)𝑙+𝑚

∞

0
 𝑑𝑥     

Solution: By the definition of Beta function 

:                           𝛽(𝑙, 𝑚) = ∫ 𝑥𝑙−1(1 − 𝑥)𝑚−1𝑑𝑥
1

0
 

Let 𝑥 =
1

𝑦+1
  𝑎𝑛𝑑 1 − 𝑥 = 1 −

1

𝑦+1
⇒

𝑦

𝑦+1
 

⇒ 𝑑𝑥 = −
1

(𝑦+1)2 𝑑𝑦  

Limits: As 𝑥 =
1

𝑦+1
  ⇒ 𝑦 + 1 =

1

𝑥
 ⇒ 𝑦 =

1

𝑥
− 1 

Put 𝑥 = 0 ⇒ 𝑦 = ∞ − 1 = ∞    𝑎𝑛𝑑 𝑥 = 1 ⇒ 𝑦 =
1

1
− 1 = 0    ∴ 𝑦 = ∞ 𝑡𝑜 0 

Now           𝛽(𝑙, 𝑚) = ∫ 𝑥𝑙−1(1 − 𝑥)𝑚−1𝑑𝑥
1

0
  

                                   = ∫ [ 
1

𝑦+1
 ]𝑙−10

∞
[ 

𝑦

𝑦+1
 ]𝑚−1[−

1

(𝑦+1)2 𝑑𝑦]   

                                  =  ∫
𝑦𝑚−1

( 𝑦+1)𝑙−1+𝑚−1+2

∞

0
𝑑𝑦 = ∫

𝑦𝑚−1

(1+𝑦)𝑙+𝑚

∞

0
𝑑𝑦 =  ∫

𝑥𝑚−1

(1+𝑥)𝑙+𝑚

∞

0
  

                           But  𝛽(𝑙, 𝑚) =  𝛽(𝑚, 𝑙) 

                  Hence  𝛽(𝑙, 𝑚) = ∫
𝑥𝑚−1

(1+𝑥)𝑙+𝑚

∞

0
 𝑑𝑥 = ∫

𝑥𝑙−1

(1+𝑥)𝑙+𝑚

∞

0
 𝑑𝑥     
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Theorem: Relation between Beta and Gamma functions 

                        𝑃𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡   𝛽(𝑙, 𝑚) =
Γ(𝑙) Γ(𝑚)

Γ(𝑙+𝑚)
 

𝑃𝑟𝑜𝑜𝑓: To prove this theorem first note the following identities  

1. 𝛽(𝑙, 𝑚) = ∫ 𝑥𝑙−1(1 − 𝑥)𝑚−1𝑑𝑥
1

0
                 2 Γ(𝑛) = ∫ 𝑒−𝑥  𝑥𝑛−1∝

0
 𝑑𝑥  

3. ∫ 𝑒−𝑘𝑥∞

0
𝑥𝑛−1𝑑𝑥 =

Γ(𝑛)

𝑘𝑛                and   4. 𝛽(𝑙, 𝑚) = ∫
𝑥𝑚−1

(1+𝑥)𝑙+𝑚

∞

0
 𝑑𝑥 

From (3)  ∫ 𝑒−𝑧𝑥∞

0
𝑥𝑙−1𝑑𝑥 =

Γ(𝑙)

𝑧𝑙    ⇒ ∫ 𝑒−𝑧𝑥∞

0
𝑧𝑙𝑥𝑙−1𝑑𝑥 = Γ(𝑙) 

Multiply with   𝑒−𝑧𝑧𝑚−1 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠  

                  ∫ 𝑒−𝑧𝑥∞

0
𝑧𝑙𝑥𝑙−1  𝑒−𝑧𝑧𝑚−1𝑑𝑥 = Γ(𝑙)𝑒−𝑧𝑧𝑚−1  

                        ∫ 𝑒−(1+𝑥)𝑧∞

0
𝑧𝑙+𝑚−1𝑥𝑙−1𝑑𝑥 = Γ(𝑙)𝑒−𝑧𝑧𝑚−1  

Γ(𝑙) ∫ 𝑒−𝑧𝑧𝑚−1𝑑𝑧 = 
∞

0

∫ [∫ 𝑒−(1+𝑥)𝑧𝑧(𝑙+𝑚)−1
∞

0

𝑑𝑧 
∞

0

]𝑥𝑙−1𝑑𝑥 

                By identity number (3) 

               Γ(𝑙)Γ(𝑚) = ∫  
Γ(𝑙+𝑚)

(1+𝑥)(𝑙+𝑚)

∞

0
 𝑥𝑙−1𝑑𝑥 =  Γ(𝑙 + 𝑚) ∫

𝑥𝑙−1

(1+𝑥)𝑙+𝑚

∞

0
 𝑑𝑥     

                                                                      = Γ(𝑙 + 𝑚)𝛽(𝑙, 𝑚) 

                                   Hence 𝛽(𝑙, 𝑚) =
Γ(𝑙) Γ(𝑚)

Γ(𝑙+𝑚)
 

Note: As 𝛽(𝑙, 𝑚) =
Γ(𝑙) Γ(𝑚)

Γ(𝑙+𝑚)
 𝑝𝑢𝑡 𝑙 + 𝑚 = 1 ⇒ 𝑚 = 1 − 𝑙  

               𝛽(𝑙, 1 − 𝑙) =
Γ(𝑙) Γ(1−𝑙)

Γ(1)
= Γ(𝑙) Γ(1 − 𝑙) =

𝜋

sin 𝑙𝜋
 

Theorem: Prove that Γ ( 
1

2
 ) = √𝜋. 

Proof: We know that  

                                          𝛽(𝑙, 𝑚) = ∫ 𝑥𝑙−1(1 − 𝑥)𝑚−1𝑑𝑥
1

0
  

Put 𝑥 = 𝑠𝑖𝑛2𝜃 ⇒ 𝑑𝑥 = 2 sin 𝜃 cos 𝜃 𝑑𝜃 

And the limits: As 𝑠𝑖𝑛2𝜃 = 𝑥  

Put  𝑥 = 0 ⇒ 𝑠𝑖𝑛2𝜃 = 0 = 𝑠𝑖𝑛20 ⇒ 𝜃 = 0  

       𝑥 = 1 ⇒ 𝑠𝑖𝑛2𝜃 = 1 = 𝑠𝑖𝑛2𝜋/2 ⇒ 𝜃 = 𝜋/2 
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Now       𝛽(𝑙, 𝑚) = ∫ 𝑥𝑙−1(1 − 𝑥)𝑚−1𝑑𝑥
1

0
   

                                 = ∫ (𝑠𝑖𝑛2𝜃)𝑙−1(1 − 𝑠𝑖𝑛2𝜃)𝑚−12 sin 𝜃 cos 𝜃 𝑑𝜃
𝜋/2

0
  

                                 =2 ∫ 𝑠𝑖𝑛2𝑙−2𝜃 (
𝜋/2

0
𝑐𝑜𝑠2𝜃)𝑚−1 sin 𝜃 cos 𝜃 𝑑𝜃 

                               = 2 ∫ 𝑠𝑖𝑛2𝑙−1𝜃 𝑐𝑜𝑠2𝑚−1𝜃 𝑑𝜃
𝜋/2

0
 

                 But 𝛽(𝑙, 𝑚) =
Γ(𝑙) Γ(𝑚)

Γ(𝑙+𝑚)
 

             ∴  
Γ(𝑙) Γ(𝑚)

Γ(𝑙+𝑚)
= 2 ∫ 𝑠𝑖𝑛2𝑙−1𝜃 𝑐𝑜𝑠2𝑚−1𝜃 𝑑𝜃

𝜋/2

0
   

                         Let 𝑙 = 𝑚 =
1

2
 

                 
Γ(

1

2
) Γ( 

1

2
 )

Γ( 
1

2
+ 

1 

2
)

= 2 ∫ 𝑠𝑖𝑛2(
1

2
)−1𝜃 𝑐𝑜𝑠2(

1

2
)−1𝜃 𝑑𝜃

𝜋

2
0

 

                                     = 2 ∫ 1𝑑𝜃 = 2 (𝜃 )0
𝜋/2𝜋/2

0
= 2 { 

𝜋

2
 } = 𝜋   

                              
Γ(1/2)2

Γ(1)
= 𝜋   𝐵𝑢𝑡 Γ (1) = 1   

                 ∴  Γ( 
1

2
 )2 = 𝜋 ⇒ Γ ( 

1

2
 ) = √𝜋 

Note: ∫ 𝑠𝑖𝑛𝑝𝜋/2

0
𝜃𝑐𝑜𝑠𝑞𝜃 𝑑𝜃 =  

Γ[ 
𝑝+1

2
 ]     Γ[ 

𝑞+1

2
]

2Γ[ 
𝑝+𝑞+2

2
]

 

Theorem: (Legendre’s Duplication Formula) 

Statement: Prove that  Γ(m) Γ (𝑚 +
1

2
 ) =

√𝜋

22𝑚−1
  Γ(2m) 

Proof: We know that  

Γ(𝑙) Γ(𝑚)

Γ(𝑙 + 𝑚)
= 2 ∫ 𝑠𝑖𝑛2𝑙−1𝜃 𝑐𝑜𝑠2𝑚−1𝜃 𝑑𝜃

𝜋/2

0

 

 Put 𝑙 =
1

2
  we get     

Γ(
1

2
) Γ(𝑚)

Γ( 
1

2
+𝑚)

= 2 ∫ 𝑠𝑖𝑛2(
1

2
 )−1𝜃 𝑐𝑜𝑠2𝑚−1𝜃 𝑑𝜃

𝜋/2

0
 

                                         
Γ(

1

2
) Γ(𝑚)

Γ( 
1

2
+𝑚)

= 2 ∫ 𝑐𝑜𝑠2𝑚−1𝜃 𝑑𝜃
𝜋/2

0
    But Γ ( 

1

2
 ) = √𝜋 

 
√𝜋 Γ(𝑚)

2 Γ( 
1

2
+𝑚)

= ∫ 𝑐𝑜𝑠2𝑚−1𝜃 𝑑𝜃
𝜋/2

0
   ----------- (1) 

Again  
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Γ(𝑙) Γ(𝑚)

Γ(𝑙 + 𝑚)
= 2 ∫ 𝑠𝑖𝑛2𝑙−1𝜃 𝑐𝑜𝑠2𝑚−1𝜃 𝑑𝜃

𝜋/2

0

 

                                          Put 𝑙 = 𝑚    
Γ(𝑚) Γ(𝑚)

Γ(𝑚 + 𝑚)
= 2 ∫ 𝑠𝑖𝑛2𝑚−1𝜃 𝑐𝑜𝑠2𝑚−1𝜃 𝑑𝜃

𝜋/2

0

 

                        
[ Γ(𝑚) ]2

Γ(2𝑚)
 = 

2

22𝑚−1 ∫ 22𝑚−1𝑠𝑖𝑛2𝑚−1𝜃 𝑐𝑜𝑠2𝑚−1𝜃 𝑑𝜃
𝜋/2

0
 

                                        = 
1

22𝑚−2  ∫ 𝑠𝑖𝑛2𝑚−12𝜃 𝑑𝜃
𝜋/2

0
 

          Put 2𝜃 = 𝑡 ⇒ 𝜃 =
1

2
 𝑡  𝑎𝑛𝑑 𝑑𝜃 =

1

2
 𝑑𝑡 

 𝐴𝑙𝑠𝑜 𝑙𝑖𝑚𝑖𝑡𝑠 𝑃𝑢𝑡 𝜃 = 0 ⇒ 𝑡 = 0  𝑎𝑛𝑑   𝜃 = 𝜋/2 ⇒ 𝑡 = 𝜋    

                        
[ Γ(𝑚) ]2

Γ(2𝑚)
= 

1

22𝑚−2  ∫ 𝑠𝑖𝑛2𝑚−1𝑡    ( 
1

 2
𝑑𝑡)

𝜋

0
 

We know that ∫ 𝑓(𝑥)𝑑𝑥 = 2 ∫ 𝑓(𝑥)𝑑𝑥    𝑤ℎ𝑒𝑟𝑒 𝑓(2𝑎 − 𝑥) = 𝑓(𝑥)
𝑎

0

2𝑎

0
  

               ∴     
[ Γ(𝑚) ]2

Γ(2𝑚)
= 

2

22𝑚−2  ∫ 𝑠𝑖𝑛2𝑚−1𝑡    ( 
1

 2
𝑑𝑡)

𝜋/2

0
=

1

22𝑚−2 ∫ 𝑠𝑖𝑛2𝑚−1𝑡
𝜋/2

0
𝑑𝑡 

             Also ∫ 𝑠𝑖𝑛𝑛𝜃 𝑑𝜃 = ∫ 𝑐𝑜𝑠𝑛𝜃 𝑑𝜃 (𝑅𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑓𝑜𝑟𝑚𝑢𝑙𝑎)
𝜋/2

0

𝜋/2

0
 

∴     
[ Γ(𝑚) ]2

Γ(2𝑚)
=

1

22𝑚−2 ∫ 𝑐𝑜𝑠2𝑚−1𝜃
𝜋/2

0
𝑑𝜃  

              ⇒  
22𝑚−2[ Γ(𝑚) ]2

 Γ(2𝑚)
= ∫ 𝑐𝑜𝑠2𝑚−1𝜃

𝜋/2

0
𝑑𝜃 ----------(2) 

From (1) and (2) 

√𝜋 Γ(𝑚)

2 Γ( 
1
2 + 𝑚)

=
22𝑚−2[ Γ(𝑚) ]2

 Γ(2𝑚)
⇒ Γ(m) Γ (𝑚 +

1

2
 ) =

√𝜋

22𝑚−1
  Γ(2m) 

Theorem: Show that Γ (−𝑛 +
1

2
 ) =

(−1)𝑛2𝑛√𝜋

1.3.5……(2𝑛−1)
 

Proof: To prove this theorem first to note the formulae 

Γ(𝑛) = (𝑛 − 1)Γ(𝑛 − 1)  𝑊ℎ𝑒𝑟𝑒 𝑛 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒  

        Replace 𝑛 𝑏𝑦 (𝑛 + 1) Γ(𝑛 + 1) = (𝑛)Γ(𝑛)  ⇒ Γ(𝑛) =
Γ(𝑛+1)

𝑛
  𝑤ℎ𝑒𝑟𝑒 𝑛 𝑖𝑠 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒  

LHS = Γ (−𝑛 +
1

2
 ) =

Γ(−𝑛+
1

2
+1)

(−𝑛+
1

2
 )

 =
Γ(−𝑛+

3

2
)

(−𝑛+
1

2
 )

  

                                                  = 
Γ(−𝑛+

3

2
+1)

(−𝑛+
1

2
 )(−𝑛+

3

2
 )

=
Γ(−𝑛+

5

2
)

(−𝑛+
1

2
 )(−𝑛+

3

2
 )
  ……….. 
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                                                       =
Γ(−𝑛+

2𝑛+1

2
)

(−𝑛+
1

2
 )(−𝑛+

3

2
 )…………(−𝑛+

2𝑛−1

2
 )
 

                                                  =
Γ(

−2𝑛+2𝑛+1

2
)

(
−2𝑛+1

2
 )(

−2𝑛+3

2
 )…………(

−2𝑛+2𝑛−1

2
 )
  

                                                = 
2𝑛Γ( 

1

2
 )

(−2𝑛+1)(−2𝑛+3)……..(−3)(−1)
 

                                              =
2𝑛Γ( 

1

2
 )

(−1)𝑛(2𝑛−1)(2𝑛−3)…….3.1
=

(−1)𝑛2𝑛√𝜋

1.3.5……(2𝑛−1)
 = RHS 

Theorem: Prove that 2𝑛Γ (𝑛 +
1

2
) = 1.3.5 … … . . (2𝑛 − 1)√𝜋 

Proof: We know that     Γ(𝑛) = (𝑛 − 1)Γ(𝑛 − 1)  𝑊ℎ𝑒𝑟𝑒 𝑛 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒  

LHS = 2𝑛Γ (𝑛 +
1

2
) = 2𝑛 ( 𝑛 +

1

2
 −1)Γ (𝑛 +

1

2
− 1) 

                                = 2𝑛 ( 𝑛 −
1

2
 )Γ (𝑛 −

1

2
) 

                              = 2𝑛 ( 𝑛 −
1

2
 )( 𝑛 −

1

2
− 1 )Γ (𝑛 −

1

2
− 1) 

                             = 2𝑛 ( 𝑛 −
1

2
 )( 𝑛 −

3

2
 )Γ (𝑛 −

3

2
) 

                         =  ---------------------------------------------- 

                      =   2𝑛 ( 𝑛 −
1

2
 ) ( 𝑛 −

3

2
 ) … … … ( 𝑛 −

2𝑛−3

2
 )( 𝑛 −

2𝑛−1

2
 )Γ (𝑛 −

2𝑛−1

2
) 

                     =   2𝑛 ( 
2𝑛−1

2
 ) ( 

2𝑛−3

2
 ) … … … (

2𝑛−(2𝑛−3)

2
 )( 

2𝑛−(2𝑛−1)

2
 )Γ (

2𝑛−(2𝑛−1)

2
)  

                    = 
2𝑛

2𝑛   (2𝑛 − 1)(2𝑛 − 3) … … … 3.1 Γ ( 
1

2
 ) = 1.3.5 … … . . (2𝑛 − 1)√𝜋 = RHS 

Problems: 

1.Show that ∫ 𝑥41

0
(1 − 𝑥)2𝑑𝑥 =

1

105
 

Solution: We know that  

          𝛽(𝑙, 𝑚) = ∫ 𝑥𝑙−1(1 − 𝑥)𝑚−1𝑑𝑥
1

0
  ,  𝛽(𝑙, 𝑚) =

Γ(𝑙) Γ(𝑚)

Γ(𝑙+𝑚)
  and Γ(𝑛) = (𝑛 − 1)! 

LHS = ∫ 𝑥41

0
(1 − 𝑥)2𝑑𝑥 =  ∫ 𝑥5−11

0
(1 − 𝑥)3−1𝑑𝑥 

                                            = 𝛽(5,3) =
Γ(5) Γ(3)

Γ(5+3)
 = 

(5−1)!(3−1)!

(8−1)!
 

                               =  
4 !2 !

7 !
=  

24 ×2

7×6×5×24
=

1

105
= RHS   

2.Show that  ∫ 𝑥(8 − 𝑥3)1/3 2

0
𝑑𝑥 =

16𝜋

9√3
 

Solution:                
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           Let 𝑥3 = 8𝑡 ⇒ 𝑥 = 2𝑡1/3  𝑎𝑛𝑑 𝑑𝑥 = 2 .
1

3
 𝑡−2/3𝑑𝑡 =

2

3
 𝑡−2/3𝑑𝑡 

Limits As 𝑡 =
1

8
  𝑥3      

Put 𝑥 = 0 ⇒ 𝑡 = 0     

Put 𝑥 = 2 ⇒ 𝑡 =
1

8
  23  = 1   

LHS = ∫ 𝑥(8 − 𝑥3)1/3 𝑑𝑥
2

0
=  ∫ 2𝑡

1

3
1

0
(8 − 8𝑡)1/3 2

3
 𝑡−2/3𝑑𝑡 

                                              = 
4

3
 ∫ 8

1

3(1 − 𝑡)1/31

0
 𝑡1/3 𝑡−2/3𝑑𝑡  

                                            =
16

3
 ∫ 𝑡−1/3(1 − 𝑡)1/3𝑑𝑡

1

0
      

                 (Let 𝑙 − 1 = −
1

3
 ⇒ 𝑙 =

2

3
  𝑎𝑛𝑑 𝑚 − 1 =

1

3
⇒ 𝑚 =

4

3
 )   

     ∫ 𝑥(8 − 𝑥3)1/3 𝑑𝑥
2

0
 =

8

3
 ∫ 𝑡

2

3
−1(1 − 𝑡)

4

3
−1𝑑𝑡

1

0
 

                                   = 
8

3
 𝛽 (  

2

3
  ,

4

3
  ) =

8

3
 
Γ(

2

3
) Γ(

4

3
)

Γ( 
2

3
+

4

3
 ))

 

                                                 =
8

3
 
Γ(

2

3
)(

4

3
−1) Γ(

4

3
−1)

Γ( 2)
  

                                                 =
8

3
 
Γ(

2

3
)(

1

3
) Γ(

1

3
)

Γ( 2)
  

                                                 =
8

9
 
Γ(1− 

1

3
) Γ(

1

3
)

(2−1)!
      𝐵𝑢𝑡 Γ(𝑙) Γ(1 − 𝑙) =

𝜋

sin 𝑙𝜋
 

                                                      =  
8

9.1
 

𝜋

sin
𝜋

3

 =
8

9
 

𝜋

√3

 2

=
16

9
 

𝜋

√3
=

16𝜋

9√3
  

3.Evaluate 1. ∫
𝑥8(1−𝑥6)

(1+𝑥)24

∞

0
 𝑑𝑥               2. ∫

𝑥4(1+𝑥5)

(1+𝑥)15

∞

0
 𝑑𝑥       

Solution:1. ∫
𝑥8(1−𝑥6)

(1+𝑥)24

∞

0
 𝑑𝑥 =  ∫

𝑥8−𝑥14

(1+𝑥)24

∞

0
𝑑𝑥 

                                                 =  ∫
𝑥8

(1+𝑥)24

∞

0
𝑑𝑥 −  ∫

𝑥14

(1+𝑥)24

∞

0
𝑑𝑥             

                                            =  ∫
𝑥9−1

(1+𝑥)9+15

∞

0
𝑑𝑥 −  ∫

𝑥15−1

(1+𝑥)15+9

∞

0
𝑑𝑥  

                               But 𝛽(𝑙, 𝑚) = ∫
𝑥𝑚−1

(1+𝑥)𝑙+𝑚

∞

0
 𝑑𝑥 = ∫

𝑥𝑙−1

(1+𝑥)𝑙+𝑚

∞

0
 𝑑𝑥     

                                             = 𝛽(9,15) − 𝛽(15,9) = 0      ( ∵  𝛽(𝑙, 𝑚) = 𝛽(𝑚, 𝑙)) 

                 2. ∫
𝑥4(1+𝑥5)

(1+𝑥)15

∞

0
 𝑑𝑥 =  ∫

𝑥4−𝑥9

(1+𝑥)15

∞

0
𝑑𝑥 
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                                                 =  ∫
𝑥4

(1+𝑥)15

∞

0
𝑑𝑥 −  ∫

𝑥9

(1+𝑥)15

∞

0
𝑑𝑥             

                                            =  ∫
𝑥5−1

(1+𝑥)5+10

∞

0
𝑑𝑥 −  ∫

𝑥10−1

(1+𝑥)10+5

∞

0
𝑑𝑥  

                               But 𝛽(𝑙, 𝑚) = ∫
𝑥𝑚−1

(1+𝑥)𝑙+𝑚

∞

0
 𝑑𝑥 = ∫

𝑥𝑙−1

(1+𝑥)𝑙+𝑚

∞

0
 𝑑𝑥     

                                             = 𝛽(5,10) − 𝛽(10,5) 

                                                   = 2𝛽(5,10)      ( ∵  𝛽(𝑙, 𝑚) = 𝛽(𝑚, 𝑙)) 

                                            = 2 
Γ(5)    Γ(10)

Γ(5+10)
= 2 

(5−1)!(10−1)!

(15−1)!
 

                                            = 2 
4!  9!

14!
 = 2 

24

14×13×12×11×10
=

1

5005
  

4.Show that ∫ (1 + 𝑥)𝑝−1(1 − 𝑥)𝑞−1+1

−1
𝑑𝑥 = 2𝑝+𝑞−1 Γ(p) Γ(q)

Γ(p+q)
 

Solution: Let 
1+𝑥

1−𝑥
= 𝑡 ⇒ 1 + 𝑥 = 𝑡(1 − 𝑥) ⇒ 𝑥(1 + 𝑡) = 𝑡 − 1 ⇒ 𝑥 =

𝑡−1

𝑡+1
 

                                And 𝑑𝑥 =
2

(𝑡+1)2 𝑑𝑡 

Limits: As  
1+𝑥

1−𝑥
= 𝑡             put 𝑥 = −1 ⇒ 𝑡 = 0   𝑎𝑛𝑑 𝑥 = +1 ⇒ 𝑡 = ∞ 

1 + 𝑥 = 1 +
𝑡−1

𝑡+1
=

2𝑡

𝑡+1
  

1 − 𝑥 = 1 −
𝑡−1

𝑡+1
=

2

𝑡+1
  

Now ∫ (1 + 𝑥)𝑝−1(1 − 𝑥)𝑞−1+1

−1
𝑑𝑥 = ∫ [ 

2𝑡

𝑡+1
 ]𝑝−1∞

0
[ 

2

𝑡+1
 ]𝑞−1 2

(𝑡+1)2 𝑑𝑡  

                                                          = 2𝑝−1+𝑞−1+1 ∫
𝑡𝑝−1

(𝑡+1)𝑝−1+𝑞−1+2

∞

0
𝑑𝑡 

                                                          = 2𝑝+𝑞−1 ∫
𝑡𝑝−1

(𝑡+1)𝑝+𝑞

∞

0
𝑑𝑡  

                                                          = 2𝑝+𝑞−1𝛽(𝑝, 𝑞) = 2𝑝+𝑞−1 Γ(p) Γ(q)

Γ(p+q)
  

5.Show that 𝑖)Γ ( 
3

2
− 𝑥)  Γ ( 

3

2
+ 𝑥) = ( 

1

4
− 𝑥2) 𝜋 sec 𝜋𝑥   

                     𝑖𝑖)Γ ( 
1

4
)  Γ ( 

3

4
) = 𝜋√2   

Solution: Note that Γ(𝑙) Γ(1 − 𝑙) =
𝜋

sin 𝑙𝜋
 𝑎𝑛𝑑 Γ(𝑛) = (𝑛 − 1)Γ(𝑛 − 1)  

𝑖)LHS = Γ ( 
3

2
− 𝑥)  Γ ( 

3

2
+ 𝑥)  

                                             = ( 
3

2
− 𝑥 − 1)Γ ( 

3

2
− 𝑥 − 1) ( 

3

2
+ 𝑥 − 1)Γ ( 

3

2
+ 𝑥 − 1)  



9                         BSR MATHS GDC RVPM    PAPER 7A 
              

                                              = ( 
1

2
− 𝑥)Γ ( 

1

2
− 𝑥) ( 

1

2
+ 𝑥)Γ ( 

1

2
+ 𝑥)  

                                                = ( 
1

4
− 𝑥2) Γ ( 

1

2
− 𝑥) Γ ( 

1

2
+ 𝑥)  

                                              = ( 
1

4
− 𝑥2) Γ ( 

1

2
− 𝑥) Γ (1 − ( 

1

2
− 𝑥))  

                                                   = ( 
1

4
− 𝑥2)  

𝜋

sin ( 
1

2
−𝑥) 𝜋

  

                                                         = ( 
1

4
− 𝑥2)  

𝜋

sin ( 
π

2
−𝑥𝜋)

= ( 
1

4
− 𝑥2)  

𝜋

𝐶𝑜𝑠 𝜋𝑥
 

                                                    =( 
1

4
− 𝑥2) 𝜋 sec 𝜋𝑥   RHS   

             𝑖𝑖)Γ ( 
1

4
)  Γ ( 

3

4
) = Γ ( 

1

4
)  Γ ( 1 −

1

4
) = 

𝜋

sin 𝜋/4
=

𝜋

1/√2
= 𝜋√2 

6.Evaluate 𝑖)Γ (−
1

2
  )            𝑖𝑖) Γ (−

5

2
 ) 

Solution: We know that If n is negative number Γ(𝑛) =
Γ(𝑛+1)

𝑛
 

Now 𝑖) 𝛤(−1/2   ) =
Γ(−

1

2
 +1  )

−
1

2
 

  = -2 Γ (
1

2
  ) = −2√𝜋  

𝑖𝑖)Γ (−
5

2
 ) =

Γ(−
5

2
 +1  )

−
5

2
 

 = 
Γ(−

3

2
   )

−
5

2
 

=   
Γ(−

3

2
+1  )

[ −
5

2
  ] [ −

3

2
  ]

 =
Γ(−

1

2
  )

[ −
5

2
  ] [ −

3

2
  ]

 =
−2√𝜋

15

4

= −
8√𝜋

15
 

7.Show that ∫
𝑥2 𝑑𝑥

(1−𝑥4)1/2

1

0
 ×  ∫

𝑑𝑥

(1+𝑥4)1/2

1

0
=

𝜋

4√2
 

Solution: Consider ∫
𝑥2 𝑑𝑥

(1−𝑥4)1/2

1

0
          

               Let 𝑥2 = sin 𝜃 ⇒ 𝑥 = √sin 𝜃   𝑎𝑛𝑑 𝑑𝜃 =
1

2√sin 𝜃
cos 𝜃 𝑑𝜃 

Limits: As sin 𝜃 = 𝑥2 

Put 𝑥 = 0 ⇒ sin 𝜃 = 0 = sin 0 ⇒  𝜃 = 0 

      𝑥 = 1 ⇒ sin 𝜃 = 1 = sin 𝜋/2 ⇒  𝜃 = 𝜋/2  

Now ∫
𝑥2 𝑑𝑥

(1−𝑥4)
1
2

1

0
= ∫

sin 𝜃 

√(1−𝑠𝑖𝑛2𝜃)

1

2√sin 𝜃
cos 𝜃 𝑑𝜃

𝜋

2
0

 

                          =
1

2
∫

√sin 𝜃

cos 𝜃

𝜋

2
0

cos 𝜃  𝑑𝜃 

                          =
1

2
∫ √sin 𝜃

𝜋/2

0
 𝑑𝜃 =

1

2
 ∫ 𝑠𝑖𝑛1/2𝜋/2

0
𝜃 𝑐𝑜𝑠0𝜃 𝑑𝜃  

                 But ∫ 𝑠𝑖𝑛𝑝𝜋/2

0
𝜃𝑐𝑜𝑠𝑞𝜃 𝑑𝜃 =  

Γ[ 
𝑝+1

2
 ]     Γ[ 

𝑞+1

2
]

2Γ[ 
𝑝+𝑞+2

2
]
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             ∴  ∫
𝑥2 𝑑𝑥

(1−𝑥4)
1
2

1

0
=

1

2

Γ[ 
½ +1

2
 ]    Γ[ 

0+1
2

]

2Γ[ 
½+0+2

2
]

 

                              =
1

4
 
Γ (

3

4
)√𝜋

Γ( 
5

4
 )

=
√𝜋

4
 

Γ (
3

4
)

[ 
5

4
 −1 ]Γ( 

5

4
−1 )

  

                             =
√𝜋

4
 

Γ (
3

4
)

[ 
1

4
  ]Γ( 

1

4
 )
  = √𝜋 

Γ (
3

4
)

Γ( 
1

4
 )
 -------(1) 

Consider ∫
𝑥2 𝑑𝑥

(1+𝑥4)1/2

1

0
           Let 𝑥2 = tan 𝜃 ⇒ 𝑥 = √tan 𝜃   𝑎𝑛𝑑 𝑑𝜃 =

1

2√tan 𝜃
𝑠𝑒𝑐2 𝜃 𝑑𝜃 

Limits: As tan 𝜃 = 𝑥2 

Put 𝑥 = 0 ⇒ tan 𝜃 = 0 = tan 0 ⇒  𝜃 = 0 

      𝑥 = 1 ⇒ tan 𝜃 = 1 = tan 𝜋/4 ⇒  𝜃 = 𝜋/4  

Now ∫
 𝑑𝑥

(1+𝑥4)
1
2

1

0
= ∫

1

√(1+𝑡𝑎𝑛2𝜃)

1

2√tan 𝜃
𝑠𝑒𝑐2 𝜃 𝑑𝜃

𝜋

4
0

 

                          =
1

2
∫

1

sec 𝜃

𝜋

4
0

 
1

2√tan 𝜃
𝑠𝑒𝑐2 𝜃 𝑑𝜃 

                          =
1

2
∫

sec 𝜃

√tan 𝜃

𝜋/4

0
𝑑𝜃 =

1

2
 ∫

1

√sin 𝜃 cos 𝜃

𝜋/4

0
 𝑑𝜃  

                                                                = 
1

√2
 ∫

1

√2 sin 𝜃 cos 𝜃

𝜋/4

0
 𝑑𝜃  

                         =
1

√2
 𝑑 ∫

1

√sin 2𝜃

𝜋/4

0
 𝑑𝜃                   

           Let 2𝜃 = 𝑡 ⇒ 2𝑑𝜃 = 𝑑𝑡  

𝑎𝑛𝑑 𝑙𝑖𝑚𝑖𝑡𝑠 𝜃 = 0 ⇒ 𝑡 = 0         𝜃 = 𝜋/4 ⇒ 𝑡 = 𝜋/2   

 ∫
 𝑑𝑥

(1+𝑥4)
1
2

1

0
=

1

2√2
 𝑑 ∫

1

√sin 𝑡

𝜋/2

0
 𝑑𝑡 = 

1

2√2
 ∫ 𝑠𝑖𝑛−1/2𝜋/2

0
𝑡 𝑐𝑜𝑠0𝑡 𝑑𝜃                  

                 But ∫ 𝑠𝑖𝑛𝑝𝜋/2

0
𝜃𝑐𝑜𝑠𝑞𝜃 𝑑𝜃 =  

Γ[ 
𝑝+1

2
 ]     Γ[ 

𝑞+1

2
]

2Γ[ 
𝑝+𝑞+2

2
]

 

             ∴  ∫
 𝑑𝑥

(1+𝑥4)
1
2

1

0
=

1

2√2

Γ[
−

1
2

 +1

2
 ]    Γ[ 

0+1
2

]

2Γ[ 
−

1
2

+0+2

2
]

 

                              =
1

4√2
 
Γ (

1

4
)Γ(

1

2
)

Γ( 
3

4
 )

=
1

4√2
 

√𝜋Γ (
1

4
)

Γ( 
3

4
 )

  --------(2) 

𝐿𝐻𝑆 = ∫
𝑥2 𝑑𝑥

(1−𝑥4)
1/2

1

0
 ×  ∫

𝑑𝑥

(1+𝑥4)
1/2

1

0
 = √𝜋  

Γ (
3
4

)

Γ( 
1
4

 )
 

1

4√2
 

√𝜋Γ (
1
4

)

Γ( 
3
4

 )
=  

𝜋

4√2
 = RHS 
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                              Special Functions -VII(B)CLP              

 

B. SRINIVASARAO. LECTURER IN MATHEMATICS GDC RVPM 

UNIT-IV Legendre’s Equation 

Definition (Legendre’s Differential Equation): 

A differential equation is in the form  

(1 − 𝑥2)
𝑑2𝑦

 𝑑𝑥2
− 2𝑥

𝑑𝑦

𝑑𝑥
+ 𝑛(𝑛 + 1)𝑦 = 0 

𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 Legendre’s Differential Equation or Legendre’s  Equation where n is a constent 
. 

It has two solutions denoted by 𝑃𝑛(𝑥) 𝑎𝑛𝑑 𝑄𝑛(𝑥) and defined by  

𝑃𝑛(𝑥) =
1.3.5.….(2𝑛−1)

𝑛 !
 [ 𝑥𝑛 −

𝑛(𝑛−1)

2.(2𝑛−1)
 𝑥𝑛−2 +

𝑛(𝑛−1)(𝑛−2)(𝑛−3)

2.4.(2𝑛−1)(2𝑛−3)
𝑥𝑛−4 + − − − −]  𝑎𝑛𝑑   

𝑄𝑛(𝑥) =
𝑛 !

1.3.5……(2𝑛+1)
 [ 𝑥−𝑛−1 −

(𝑛+1)(𝑛+2)

2.(2𝑛+3)
 𝑥−𝑛−3 +

(𝑛+1)(𝑛+2)(𝑛+3)(𝑛+4)

2.4.(2𝑛+3)(2𝑛+5)
𝑥−𝑛−5 + − − − −]  

Theorem: Generating Function for 𝑃𝑛(𝑥)  

          Prove that 𝑃𝑛(𝑥) is the coefficient of ℎ𝑛in the expansion of the power series of   

                                                   (1 − 2𝑥ℎ + ℎ2)−1/2 

Proof: 

Note that (1 − 𝑥)−1/2 = 1 +
1

2
𝑥 +

1.3

2.4
𝑥2 +

1.3.5

2.4.6
𝑥3 +  − − +

1.3….(2𝑛−3)

2.4…..(2𝑛−2)
𝑥𝑛−1 +

1.3….(2𝑛−1)

2.4…..(2𝑛)
𝑥𝑛 + ⋯ …   

Now (1 − 2𝑥ℎ + ℎ2)−1/2 = [1 − ℎ(2𝑥 − ℎ)]−1/2 

         = 1 +
1

2
ℎ(2𝑥 − ℎ) +

1.3

2.4
 ℎ2(2𝑥 − ℎ)2 + ⋯ +

1.3….(2𝑛−3)

2.4…..(2𝑛−2)
ℎ𝑛−1(2𝑥 − ℎ)𝑛−1 

                                                                               +
1.3….(2𝑛−1)

2.4…..(2𝑛)
ℎ𝑛(2𝑥 − ℎ)𝑛 + …….. 

The coefficient of ℎ𝑛 

1.3….(2𝑛−1)

2.4…..(2𝑛)
(2𝑥)𝑛 +

1.3….(2𝑛−3)

2.4…..(2𝑛−2)
(𝑛 − 1)𝐶1(2𝑥)𝑛−2+

1.3….(2𝑛−5)

2.4…..(2𝑛−4)
(𝑛 − 2)𝐶2(2𝑥)𝑛−4 +………. 
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= 
1.3….(2𝑛−1)

2.4…..(2𝑛)
2𝑛𝑥𝑛 +

1.3….(2𝑛−3)(2𝑛−1)2𝑛

2.4…..(2𝑛−2)2𝑛(2𝑛−1)
(𝑛 − 1)2𝑛−2𝑥𝑛−2  

                        +
1.3….(2𝑛−5)(2𝑛−3)(2𝑛−1)(2𝑛−2)2𝑛

2.4…..(2𝑛−4)(2𝑛−2)2𝑛(2𝑛−3)(2𝑛−1)
 
(𝑛−2)(𝑛−3)

2!
2𝑛−4𝑥𝑛−4 +………. 

=  
1.3.5.….(2𝑛−1)

𝑛 !
 [ 𝑥𝑛 −

𝑛(𝑛−1)

2.(2𝑛−1)
 𝑥𝑛−2 +

𝑛(𝑛−1)(𝑛−2)(𝑛−3)

2.4(2𝑛−1)(2𝑛−3)
𝑥𝑛−4 + − − − −]=𝑃𝑛(𝑥) 

∴ The coefficient of ℎ𝑛 in (1 − 2𝑥ℎ + ℎ2)−1/2 𝑖𝑠 𝑃𝑛(𝑥) 

                 It follows  (1 − 2𝑥ℎ + ℎ2)−1/2 = ∑ ℎ𝑛∞
𝑛=0 𝑃𝑛(𝑥) 

And is called generating function for 𝑃𝑛(𝑥) 

Theorem: Laplace First definite integration for 𝑃𝑛(𝑥) 

          Prove that 𝑃𝑛(𝑥) =
1

𝜋
∫ [ 𝑥 ± √𝑥2 − 1 cos 𝜑]𝑛𝜋

0
𝑑𝜑 

Proof: We know by definite integration  

              ∫
𝑑𝜑

𝑎 ± 𝑏 cos 𝜑

𝜋

0
=

𝜋

√𝑎2−𝑏2
     ------------(1) 

Put 𝑎 = 1 − 𝑥ℎ  𝑎𝑛𝑑 𝑏 = ℎ√𝑥2 − 1 

∴  𝑎2 − 𝑏2 = (1 − 𝑥ℎ)2 − ℎ2(𝑥2 − 1) = 1 − 2𝑥ℎ + ℎ2 

𝜋

√𝑎2 − 𝑏2
=  𝜋 (𝑎2 − 𝑏2)−1/2 = 𝜋(1 − 2𝑥ℎ + ℎ2)−1/2 

(1) ⇒  𝜋(1 − 2𝑥ℎ + ℎ2)−
1

2 =  ∫
𝑑𝜑

𝑎 ± 𝑏 cos 𝜑

𝜋

0
 

                                               =   ∫
𝑑𝜑

(1−𝑥ℎ) ±(ℎ√𝑥2−1 ) cos 𝜑

𝜋

0
  

                                   = ∫
𝑑𝜑

1−ℎ[𝑥 ±√𝑥2−1 ) cos 𝜑]

𝜋

0
  

=  ∫ [1 − ℎ{𝑥 ± √𝑥2 − 1 ) cos 𝜑}]−1 𝑑𝜑
𝜋

0
      Let t ={𝑥 ± √𝑥2 − 1 ) cos 𝜑}  

           =  ∫ [1 − ℎ𝑡]−1𝑑𝜑
𝜋

0
  

   ⇒   𝜋 ∑ ℎ𝑛∞
𝑛=0 𝑃𝑛(𝑥)  =  ∫ [1 + ℎ𝑡 + (ℎ𝑡)2𝜋

0
+ (ℎ𝑡)3 + ⋯ … … . +(ℎ𝑡)𝑛 +…….] 𝑑𝜑  

                                 𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 ℎ𝑛  

                                                 𝜋 𝑃𝑛(𝑥) = ∫ 𝑡𝑛𝜋

0
 𝑑𝜑  

⇒   𝑃𝑛(𝑥) =
1

𝜋
∫ [ 𝑥 ± √𝑥2 − 1 cos 𝜑]𝑛

𝜋

0

𝑑𝜑 
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Theorem: Laplace Second definite integration for 𝑃𝑛(𝑥) 

          Prove that 𝑃𝑛(𝑥) =
1

𝜋
∫

𝑑𝜑

[ 𝑥±√𝑥2−1 cos 𝜑]𝑛+1

𝜋

0
 

Proof: We know by definite integration  

              ∫
𝑑𝜑

𝑎 ± 𝑏 cos 𝜑

𝜋

0
=

𝜋

√𝑎2−𝑏2
     ------------(1) 

Put 𝑎 = 𝑥ℎ − 1  𝑎𝑛𝑑 𝑏 = ℎ√𝑥2 − 1 

∴  𝑎2 − 𝑏2 = (𝑥ℎ − 1)2 − ℎ2(𝑥2 − 1) = 1 − 2𝑥ℎ + ℎ2 

𝜋

√𝑎2−𝑏2
=  𝜋 (𝑎2 − 𝑏2)−1/2 = 𝜋(1 − 2𝑥ℎ + ℎ2)−1/2 =

𝜋

ℎ
(1 −

2𝑥

ℎ
+

1

ℎ2)
−1/2

  

(1) ⇒
𝜋

ℎ
(1 −

2𝑥

ℎ
+

1

ℎ2)
−1/2

=  ∫
𝑑𝜑

𝑎 ± 𝑏 cos 𝜑

𝜋

0
  

                                               =   ∫
𝑑𝜑

(𝑥ℎ−1) ±(ℎ√𝑥2−1 ) cos 𝜑

𝜋

0
  

                                   = ∫
𝑑𝜑

ℎ{ 𝑥±√𝑥2−1cos 𝜑}−1

𝜋

0
  

                                  Let t =ℎ{𝑥 ± √𝑥2 − 1 ) cos 𝜑}  

           
𝜋

ℎ
(1 −

2𝑥

ℎ
+

1

ℎ2)
−1/2

=  ∫
𝑑𝜑

(𝑡−1)

𝜋

0
= ∫ [𝑡 − 1]−1𝑑𝜑

𝜋

0
= ∫

1

𝑡
 (1 −

1

𝑡
 )

−1
𝑑𝜑

𝜋

0
  

   ⇒  
𝜋

ℎ
 ∑

1

ℎ𝑛
∞
𝑛=0 𝑃𝑛(𝑥)  =  ∫

1

𝑡
[1 +

1

𝑡
+

1

𝑡2

𝜋

0
+ + ⋯ … … . +

1

𝑡𝑛 +…….] 𝑑𝜑  

                                          = ∫ [ 
1

𝑡
+

1

𝑡2

𝜋

0
+

1

𝑡3 + ⋯ … … . +
1

𝑡𝑛+1 +…….] 𝑑𝜑 

                                        = ∫ ∑
1

𝑡𝑛+1
∞
0

𝜋

0
= ∫ ∑

1

ℎ𝑛+1{𝑥 ±√𝑥2−1 ) cos 𝜑}𝑛+1
∞
0

𝜋

0
 

⇒  
𝜋

ℎ
 ∑

1

ℎ𝑛
∞
𝑛=0 𝑃𝑛(𝑥)  = ∫ ∑

1

ℎ𝑛+1{𝑥 ±√𝑥2−1 ) cos 𝜑}𝑛+1
∞
0

𝜋

0
  

                                 𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 ℎ𝑛+1  

                   𝜋 𝑃𝑛(𝑥) = ∫
𝑑𝜑

[ 𝑥±√𝑥2−1 cos 𝜑]𝑛+1

𝜋

0
 𝑑𝜑   

Orthogonal properties of Legendre’s Polynomials 

Prove that 𝑖) ∫ 𝑃𝑚(𝑥)𝑃𝑛
+1

−1
(𝑥)𝑑𝑥             𝑤ℎ𝑒𝑟𝑒 𝑚 ≠ 𝑛 

                 𝑖𝑖) ∫ [ 𝑃𝑛(𝑥)]2𝑑𝑥 =  
2

2𝑛+1

+1

−1
    𝑤ℎ𝑒𝑟𝑒 𝑚 = 𝑛 

Proof: By the definition of Legendre’s Differential Equation 

                       (1 − 𝑥2)
𝑑2𝑦

 𝑑𝑥2 − 2𝑥
𝑑𝑦

𝑑𝑥
+ 𝑛(𝑛 + 1)𝑦 = 0  

                       (1 − 𝑥2)
𝑑2𝑦

 𝑑𝑥2 − 2𝑥
𝑑𝑦

𝑑𝑥
+ 𝑚(𝑚 + 1)𝑦 = 0  
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And they can be written as  

𝑑

𝑑𝑥
 [(1 − 𝑥2)

𝑑𝑦

𝑑𝑥
] + 𝑛(𝑛 + 1)𝑦 = 0  and 

𝑑

𝑑𝑥
 [(1 − 𝑥2)

𝑑𝑦

𝑑𝑥
] + 𝑚(𝑚 + 1)𝑦 = 0   

But 𝑦 = 𝑃𝑛(𝑥) 𝑎𝑛𝑑 𝑦 = 𝑃𝑚(𝑥) solutions  

       ∴
𝑑

𝑑𝑥
 [(1 − 𝑥2)

𝑑

𝑑𝑥
𝑃𝑛(𝑥)] + 𝑛(𝑛 + 1)𝑃𝑛(𝑥) = 0     ×  𝑃𝑚(𝑥)  

 and 
𝑑

𝑑𝑥
 [(1 − 𝑥2)

𝑑

𝑑𝑥
𝑃𝑚(𝑥)] + 𝑚(𝑚 + 1)𝑃𝑚(𝑥) = 0  ×  𝑃𝑛(𝑥) 

 𝑃𝑚  
𝑑

𝑑𝑥
 [(1 − 𝑥2)

𝑑

𝑑𝑥
𝑃𝑛] − 𝑃𝑛

𝑑

𝑑𝑥
 [(1 − 𝑥2)

𝑑

𝑑𝑥
𝑃𝑚]  + [ 𝑛(𝑛 + 1) − 𝑚(𝑚 + 1)]𝑃𝑛𝑃𝑚 = 0  

Integrating on both sides from -1 to +1 𝑤𝑟𝑡 x 

    ∫  𝑃𝑚  
𝑑

𝑑𝑥
 [(1 − 𝑥2)

𝑑

𝑑𝑥
𝑃𝑛] 𝑑𝑥 

+1

−1
 - ∫ 𝑃𝑛

𝑑

𝑑𝑥
 [(1 − 𝑥2)

𝑑

𝑑𝑥
𝑃𝑚] 𝑑𝑥

+1

−1
 

                                             −[ 𝑛(𝑛 + 1) − 𝑚(𝑚 + 1)] ∫ 𝑃𝑛𝑃𝑚𝑑𝑥 = 0
+1

−1
 

 𝑃𝑚 [(1 − 𝑥2)
𝑑

𝑑𝑥
𝑃𝑛]

−1

+1
 ∫ 𝑃𝑚

′+1

−1
[(1 − 𝑥2)

𝑑

𝑑𝑥
𝑃𝑛] 𝑑𝑥  

                         −𝑃𝑛 [(1 − 𝑥2)
𝑑

𝑑𝑥
𝑃𝑚]

−1

+1
 ∫ 𝑃𝑛

′+1

−1
[(1 − 𝑥2)

𝑑

𝑑𝑥
𝑃𝑚] 𝑑𝑥  

                                         −[ 𝑛(𝑛 + 1) − 𝑚(𝑚 + 1)] ∫ 𝑃𝑛𝑃𝑚𝑑𝑥 = 0
+1

−1
       

                         [ 𝑛(𝑛 + 1) − 𝑚(𝑚 + 1)] ∫ 𝑃𝑛𝑃𝑚𝑑𝑥 = 0
+1

−1
  

                                ⇒  ∫ 𝑃𝑛𝑃𝑚𝑑𝑥 = 0
+1

−1
             𝑓𝑜𝑟 𝑚 ≠ 𝑛  

⇒  ∫ 𝑃𝑛(𝑥)𝑃𝑚(𝑥) 𝑑𝑥 = 0
+1

−1

             𝑓𝑜𝑟 𝑚 ≠ 𝑛 

         𝑖𝑖) ∫ [ 𝑃𝑛(𝑥)]2𝑑𝑥 =  
2

2𝑛+1

+1

−1
    𝑤ℎ𝑒𝑟𝑒 𝑚 = 𝑛  

By the generating function for 𝑃𝑛(𝑥) 

                                       (1 − 2𝑥ℎ + ℎ2)−1/2 = ∑ ℎ𝑛∞
𝑛=0 𝑃𝑛(𝑥)  

Squaring on both sides (1 − 2𝑥ℎ + ℎ2)−1 =  [ ∑ ℎ𝑛∞
𝑛=0 𝑃𝑛(𝑥) ]2 

sides (1 − 2𝑥ℎ + ℎ2)−1 = ∑ ℎ2𝑛[ 𝑃𝑛(𝑥) ]2∞
0 + 2 ∑ ℎ𝑚+𝑛∞

𝑚,𝑛  𝑚≠𝑛 𝑃𝑛(𝑥)𝑃𝑚(𝑥) 

Integrating on both sides from -1 to  +1 w r t x 

∫
1

1−2𝑥ℎ+ℎ2  𝑑𝑥 =  ∑ ℎ2𝑛∞
0

+1

−1
∫ [ 𝑃𝑛(𝑥) ]2𝑑𝑥 +

+1

−1
0     𝑓𝑟𝑜𝑚 𝑠𝑒𝑐𝑜𝑛𝑑 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦    

                ∑ ℎ2𝑛∞
0  ∫ [ 𝑃𝑛(𝑥) ]2𝑑𝑥 = 

+1

−1
 ∫

1

1−2𝑥ℎ+ℎ2

+1

−1
 𝑑𝑥 

                                             = −[ 
1

2ℎ
log(1 − 2𝑥ℎ + ℎ2)]  −1

+1 
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                                   =  −
1

2ℎ
   [ log(1 − 2ℎ + ℎ2) − log(1 + 2ℎ + ℎ2)] 

                                 = −
1

2ℎ
log

(1−ℎ)2

(1+ℎ)2 = −
1

ℎ
[ log(1 − ℎ) − log(1 + ℎ)]   

But log (1 + 𝑥) = 𝑥 −
𝑥2

2
+

𝑥3

3
−

𝑥4 

4
+ ………….. 

And log (1 − 𝑥) = −𝑥 −
𝑥2

2
−

𝑥3

3
−

𝑥4 

4
− ………… 

  ∴  ∑ ℎ2𝑛∞
0  ∫ [ 𝑃𝑛(𝑥) ]2𝑑𝑥 =  −

1

ℎ
 [−2ℎ − 2

ℎ3

3
− 2 

ℎ5

5
−

+1

−1
--------−2

ℎ2𝑛+1

2𝑛+1
 --] 

                                              = 2 + 2 
ℎ2

3
+ 2 

ℎ4

5
+ ⋯ … . +2 

ℎ2𝑛

2𝑛+1
+.. 

            Comparing the coefficients of ℎ2𝑛 

                                      ∫ [ 𝑃𝑛(𝑥) ]2𝑑𝑥 =  
2

2𝑛+1

+1

−1
  

Recurrence Formulae 

I. Prove that (2𝑛 + 1)𝑥𝑃𝑛 = (𝑛 + 1)𝑃𝑛+1 + 𝑛𝑃𝑛−1 

Proof: By the generating function 

                            (1 − 2𝑥ℎ + ℎ2)−1/2 = ∑ ℎ𝑛∞
𝑛=0 𝑃𝑛(𝑥) 

                             𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒 𝑤 𝑟 𝑡 ℎ 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠   

−1

2
(1 − 2𝑥ℎ + ℎ2)−

3
2(−2𝑥 + 2ℎ) = ∑ 𝑛ℎ𝑛−1

∞

𝑛=0

𝑃𝑛(𝑥) 

                    

(1 − 2𝑥ℎ + ℎ2)−
3
2(1 − 2𝑥ℎ + ℎ2)(𝑥 − ℎ) = (1 − 2𝑥ℎ + ℎ2) ∑ 𝑛ℎ𝑛−1

∞

𝑛=0

𝑃𝑛(𝑥) 

(𝑥 − ℎ)(1 − 2𝑥ℎ + ℎ2)−
1
2 = ∑ 𝑛ℎ𝑛−1

∞

𝑛=0

𝑃𝑛(𝑥) − 2𝑥 ∑ 𝑛ℎ𝑛

∞

𝑛=0

𝑃𝑛(𝑥) + ∑ 𝑛ℎ𝑛+1

∞

𝑛=0

𝑃𝑛(𝑥) 

(𝑥 − ℎ) ∑ ℎ𝑛

∞

𝑛=0

𝑃𝑛(𝑥) = ∑ 𝑛ℎ𝑛−1

∞

𝑛=0

𝑃𝑛(𝑥) − 2𝑥 ∑ 𝑛ℎ𝑛

∞

𝑛=0

𝑃𝑛(𝑥) + ∑ 𝑛ℎ𝑛+1

∞

𝑛=0

𝑃𝑛(𝑥) 

                            Comparing coefficient of ℎ𝑛 on both sides 

𝑥𝑃𝑛(𝑥) − 𝑃𝑛−1(𝑥) = (𝑛 + 1)𝑃𝑛+1(𝑥) − 2𝑥𝑛𝑃𝑛(𝑥) + (𝑛 − 1)𝑃𝑛−1(𝑥) 

                                             (2𝑛 + 1)𝑥𝑃𝑛 = (𝑛 + 1)𝑃𝑛+1 + 𝑛𝑃𝑛−1 

II. Prove that 𝑛𝑃𝑛 = 𝑥𝑃′𝑛 − 𝑃′𝑛−1 

Proof: By the generating function 

                            (1 − 2𝑥ℎ + ℎ2)−1/2 = ∑ ℎ𝑛∞
𝑛=0 𝑃𝑛(𝑥) 
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                             𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒 𝑤 𝑟 𝑡 𝑥 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠   

                              
−1

2
(1 − 2𝑥ℎ + ℎ2)−

3

2(−2ℎ) = ∑ ℎ𝑛∞
𝑛=0 𝑃′

𝑛(𝑥) 

                                            ℎ(1 − 2𝑥ℎ + ℎ2)−
3

2 = ∑ ℎ𝑛∞
𝑛=0 𝑃′

𝑛(𝑥) 

                                      (1 − 2𝑥ℎ + ℎ2)−
3

2 =
1

ℎ
∑ ℎ𝑛∞

𝑛=0 𝑃′
𝑛(𝑥)--------(1) 

             𝐴𝑔𝑎𝑖𝑛 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒 𝑤 𝑟 𝑡 ℎ 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠   

                          
−1

2
(1 − 2𝑥ℎ + ℎ2)−

3

2(−2𝑥 + 2ℎ) = ∑ 𝑛ℎ𝑛−1∞
𝑛=0 𝑃𝑛(𝑥)  

                             (𝑥 − ℎ)(1 − 2𝑥ℎ + ℎ2)−
3

2 = ∑ 𝑛ℎ𝑛−1∞
𝑛=0 𝑃𝑛(𝑥) 

                                    (1 − 2𝑥ℎ + ℎ2)−
3

2 =
1

𝑥−ℎ
∑ 𝑛ℎ𝑛−1∞

𝑛=0 𝑃𝑛(𝑥) -------(2) 

From (1) and (2)  

                                          
1

ℎ
∑ ℎ𝑛∞

𝑛=0 𝑃′
𝑛(𝑥) =

1

𝑥−ℎ
∑ 𝑛ℎ𝑛−1∞

𝑛=0 𝑃𝑛(𝑥)  

 
                             (𝑥 − ℎ) ∑ ℎ𝑛∞

𝑛=0 𝑃′
𝑛(𝑥) = ℎ ∑ 𝑛ℎ𝑛−1∞

𝑛=0 𝑃𝑛(𝑥)  

                            Comparing coefficient of ℎ𝑛 on both sides 

                              𝑥𝑃′
𝑛(𝑥) − 𝑃′

𝑛−1(𝑥) = 𝑛𝑃𝑛(𝑥) 

                                       ⇒  𝑛𝑃𝑛 = 𝑥𝑃′𝑛 − 𝑃′𝑛−1  

III Prove that (2𝑛 + 1)𝑃𝑛 = 𝑃′𝑛+1 − 𝑃′𝑛−1 

Proof: By recurrence formula - I  

                             (2𝑛 + 1)𝑥𝑃𝑛 = (𝑛 + 1)𝑃𝑛+1 + 𝑛𝑃𝑛−1 

              Differentiate w r t x on both sides  

              (2𝑛 + 1)𝑥𝑃′𝑛 + (2𝑛 + 1)𝑃𝑛 = (𝑛 + 1)𝑃′
𝑛+1 + 𝑛𝑃′

𝑛−1  --------(1)  

            By Recurrence formula – II         𝑛𝑃𝑛 = 𝑥𝑃′𝑛 − 𝑃′𝑛−1 

                                  𝑥𝑃′𝑛 = 𝑛𝑃𝑛 + 𝑃′𝑛−1 -------(2) 

         Put the value (2) in (1) 

          (2𝑛 + 1)[ 𝑛𝑃𝑛 + 𝑃′
𝑛−1] + (2𝑛 + 1)𝑃𝑛 = (𝑛 + 1)𝑃′

𝑛+1 + 𝑛𝑃′
𝑛−1   

                        (2𝑛 + 1)(𝑛 + 1)𝑃𝑛 = (𝑛 + 1)𝑃′
𝑛+1 − (𝑛 + 1)𝑃′𝑛−1 

                               ⇒ (2𝑛 + 1)𝑃𝑛 = 𝑃′𝑛+1 − 𝑃′𝑛−1 

  IV. Prove that  (𝑛 + 1)𝑃𝑛 = 𝑃′𝑛+1 − 𝑥𝑃′𝑛 

Proof: By Recurrence formula -II 
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                                     𝑛𝑃𝑛 = 𝑥𝑃′𝑛 − 𝑃′𝑛−1  (To prove the theorem) ------(1) 

By Recurrence formula -III 

                                (2𝑛 + 1)𝑃𝑛 = 𝑃′𝑛+1 − 𝑃′𝑛−1(To prove the theorem)-----(2) 

Subtracting (1) and (2) 

                                    (𝑛 + 1)𝑃𝑛 = 𝑃′𝑛+1 − 𝑥𝑃′𝑛 

V. Prove that  (1 − 𝑥2)𝑃′
𝑛 = 𝑛(𝑃𝑛−1 − 𝑥𝑃𝑛) 

Proof: By recurrence formula IV  

                                  (𝑛 + 1)𝑃𝑛 = 𝑃′𝑛+1 − 𝑥𝑃′𝑛  

                             𝑅𝑒𝑝𝑙𝑎𝑐𝑒 𝑛 𝑏𝑦 (𝑛 − 1)  

                                      𝑛𝑃𝑛−1 = 𝑃′𝑛 − 𝑥𝑃′𝑛−1   ---------(1) 

By recurrence formula II 

                                 𝑛𝑃𝑛 = 𝑥𝑃′𝑛 − 𝑃′
𝑛−1 ⇒    𝑃′

𝑛−1 = 𝑥𝑃′
𝑛 − 𝑛𝑃𝑛 ------(2) 

                            Put the value in (1) 

                           𝑛𝑃𝑛−1 = 𝑃′𝑛 − 𝑥(𝑥𝑃′
𝑛 − 𝑛𝑃𝑛)  

                           𝑛𝑃𝑛−1 = 𝑃′𝑛 − 𝑥2𝑃′
𝑛 + 𝑛𝑥𝑃𝑛 

                     ⇒   (1 − 𝑥2)𝑃′
𝑛 = 𝑛(𝑃𝑛−1 − 𝑥𝑃𝑛)  

VI. Prove that  (1 − 𝑥2)𝑃′
𝑛 = (𝑛 + 1)(𝑥𝑃𝑛 − 𝑃𝑛+1) 

Proof: By recurrence formula - I  

                                 (2𝑛 + 1)𝑥𝑃𝑛 = (𝑛 + 1)𝑃𝑛+1 + 𝑛𝑃𝑛−1   

                                 (𝑛 + 1)𝑥𝑃𝑛 + 𝑛𝑥𝑃𝑛 = (𝑛 + 1)𝑃𝑛+1 + 𝑛𝑃𝑛−1   

                   (𝑛 + 1)[ 𝑥𝑃𝑛 − 𝑃𝑛+1] == 𝑛𝑃𝑛−1 −  𝑛𝑥𝑃𝑛  

                 (𝑛 + 1)[ 𝑥𝑃𝑛 − 𝑃𝑛+1] == 𝑛[ 𝑃𝑛−1 −  𝑥𝑃𝑛]  -------(1) 

                   By recurrence formula - V          

                 ⇒   (1 − 𝑥2)𝑃′
𝑛 = 𝑛(𝑃𝑛−1 − 𝑥𝑃𝑛) -------(2) 

      From (1) and (2) 

                    (1 − 𝑥2)𝑃′
𝑛 = (𝑛 + 1)[ 𝑥𝑃𝑛 − 𝑃𝑛+1]  
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Theorem: State and prove Rodrigue’s Formula 

Statement: Prove that  

                               𝑷𝒏(𝒙) =
𝟏

𝒏 ! 𝟐𝒏 
𝒅𝒏

𝒅𝒙𝒏  (𝒙𝟐 − 𝟏)𝒏 
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                  PAPER  7A. UNIT-3 HERMITE POLYNOMIALS  

 

B. SRINIVASARAO. LECTURER IN MATHEMATICS.GDC RVPM 

Definition (Hermite Differential Equation) 

              A differential Equation is in the form 

                                        
𝑑2𝑦

𝑑𝑥2 − 2𝑥
𝑑𝑦

𝑑𝑥
+ 2𝜆𝑦 = 0  

               Where 𝜆 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡,is Hermite Differential Equation 

Solution of the Hermite Differential equation is denoted by Hn(x) and defined by  

Hn(x) = ∑
(−1)𝑟  𝑛!

𝑟 ! (𝑛 − 2𝑟)!

(
𝑛
2

)

𝑟=0

(2𝑥)𝑛−2𝑟 

                                                                  Where (
𝑛

2
) =

𝑛

2
  𝑖𝑓𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑛𝑢𝑚𝑏𝑒𝑟 

                                                                                      = 
1

2
 (𝑛 − 1) 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 

Theorem: Generating function for Hn(x) 

                   Prove that 𝑒2𝑡𝑥−𝑡2
= ∑

𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x) 

Proof: Note that   𝑒𝑥= 1 +
𝑥

1!
+

𝑥2

2!
+

𝑥3

3!
+……. + 

𝑥𝑛

𝑛!
+ ………. 

                   And 𝑒−𝑥= 1 −
𝑥

1!
+

𝑥2

2!
−

𝑥3

3!
+……. +(−1)𝑛 

𝑥𝑛

𝑛!
+ ………. 

Now   𝑒2𝑡𝑥−𝑡2
= 𝑒2𝑡𝑥   𝑒−𝑡2

 

    = [1 +
2𝑡𝑥

1!
+

(2𝑡𝑥)2

2!
+

(2𝑡𝑥)3

3!
+… + 

(2𝑡𝑥)𝑛

𝑛!
+ …] [1 −

𝑡2

1!
+

(𝑡2)2

2!
−… +(−1)𝑛 

(𝑡2)𝑛

𝑛!
+ ……….] 

    = ∑
(2𝑡𝑥)𝑟

𝑟!
∞
𝑟=0    ∑ (−1)𝑠  

(𝑡2)𝑠

𝑠!
∞
𝑠=0   

     = ∑ (−1)𝑠 (2𝑥)𝑟

𝑟! 𝑠 !
∞
𝑠,𝑟=0  𝑡𝑟+2𝑠 

In the above expansion the coefficient of  𝑡𝑛 is  
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                                          ∑   (−1)𝑠      (2𝑥)𝑛−2𝑠

(𝑛−2𝑠)! 𝑠 !
∞
𝑠=0           Taking 𝑟 + 2𝑠 = 𝑛 ⇒ 𝑟 = 𝑛 − 2𝑠 

As 𝑟 = 0 𝑡𝑜 ∞ ⇒ 𝑟 ≥ 0 ⇒ 𝑛 − 2𝑠 ≥ 0 ⇒ 𝑛 ≥ 2𝑠 ⇒ 𝑠 ≤
𝑛

2
  𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑎𝑛𝑑  

                                                                                                𝑠 ≤
𝑛 − 1

2
 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑   

∴ The coefficient of  𝑡𝑛 in 𝑒2𝑡𝑥−𝑡2
 

                                          ∑   (−1)𝑠      (2𝑥)𝑛−2𝑠

(𝑛−2𝑠)! 𝑠 !

( 
𝑛

2
 )

𝑠=0      where  (
𝑛

2
) =

𝑛

2
  𝑖𝑓𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑛𝑢𝑚𝑏𝑒𝑟 

                                                                                              = 
1

2
 (𝑛 − 1) 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 

    The coefficient of  𝑡𝑛 in 𝑒2𝑡𝑥−𝑡2
 

                                
1

𝑛 !
∑   (−1)𝑠     𝑛!  (2𝑥)𝑛−2𝑠

(𝑛−2𝑠)! 𝑠 !

( 
𝑛

2
 )

𝑠=0      where  (
𝑛

2
) =

𝑛

2
  𝑖𝑓𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑛𝑢𝑚𝑏𝑒𝑟 

                                                                                              = 
1

2
 (𝑛 − 1) 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 

 

The coefficient of  𝑡𝑛 in 𝑒2𝑡𝑥−𝑡2
 is 

1

 𝑛 !
Hn(x)  

                                It follows 𝑒2𝑡𝑥−𝑡2
= ∑

𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x) 

Theorem (Other form of Hn(x)) 

Prove that  

                      Hn(x) =  2𝑛 {exp(−
1

4

𝑑2

𝑑𝑥2)𝑥𝑛}    

Proof: We know that 
𝑑

𝑑𝑥
(𝑒2𝑡𝑥) = 2𝑡𝑒2𝑡𝑥 

                                   
𝑑2

𝑑𝑥2
(𝑒2𝑡𝑥) = (2𝑡)2𝑒2𝑡𝑥 

                 In general, 
𝑑𝑛

𝑑𝑥𝑛
(𝑒2𝑡𝑥) = (2𝑡)𝑛𝑒2𝑡𝑥 

                                         ⇒
1

2𝑛  
𝑑𝑛

𝑑𝑥𝑛
(𝑒2𝑡𝑥) = 𝑡𝑛𝑒2𝑡𝑥 

                                        ⇒   (
1

2

𝑑

𝑑𝑥
)

𝑛
𝑒2𝑡𝑥 = 𝑡𝑛𝑒2𝑡𝑥 ------(1) 

Now {exp(−
1

4

𝑑2

𝑑𝑥2)𝑒2𝑡𝑥} = [ ∑
1

𝑛 !
∞
𝑛=0  (−

1

4

𝑑2

𝑑𝑥2)
𝑛

] 𝑒2𝑡𝑥 

                                             =  ∑
(−1)𝑛

𝑛 !
∞
𝑛=0  (

1

2
 

𝑑

𝑑𝑥
)

2𝑛
𝑒2𝑡𝑥 but from (1) 

                                           = ∑
(−1)𝑛

𝑛 !
∞
𝑛=0 𝑡2𝑛𝑒2𝑡𝑥 
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                                      = 𝑒2𝑡𝑥 ∑
(−1)𝑛

𝑛 !
∞
𝑛=0 𝑡2𝑛  

                                      = 𝑒2𝑡𝑥 ∑
(−𝑡2)𝑛

𝑛 !
∞
𝑛=0  =                                      =

                                            = 𝑒2𝑡𝑥𝑒−𝑡2
= 𝑒2𝑡𝑥−𝑡2

= ∑
𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x) 

                   ∴ {exp(−
1

4

𝑑2

𝑑𝑥2)𝑒2𝑡𝑥} = ∑
𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x) 

                 {exp(−
1

4

𝑑2

𝑑𝑥2)} ∑
(2𝑡𝑥)𝑛

𝑛 !
= ∞

𝑛=0 ∑
𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x) 

Comparing the coefficients of 𝑡𝑛 

                       {exp(−
1

4

𝑑2

𝑑𝑥2)}
(2𝑥)𝑛

𝑛 !
=  

1

𝑛!
Hn(x)   

                    ⇒    Hn(x) =  2𝑛 {exp(−
1

4

𝑑2

𝑑𝑥2)𝑥𝑛}    

Rodrigues Formula 

                       Prove that Hn(x) = (−1)𝑛𝑒𝑥2 𝑑𝑛

𝑑𝑥𝑛   𝑒−𝑥2
 

Proof: By the generating function  

                              𝑒2𝑡𝑥−𝑡2
= ∑

𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x)   ---------(1) 

But 2𝑡𝑥 − 𝑡2 = −(𝑡2 − 2𝑡𝑥) = −(𝑡2 − 2𝑡𝑥 + 𝑥2 − 𝑥2) = −(𝑡 − 𝑥)2 + 𝑥2 = 𝑥2 − (𝑡 − 𝑥)2 

(1) ⇒  𝑒𝑥2−(𝑡−𝑥)2
 

=  
𝑡0

0 !
 𝐻0(𝑥) +  

𝑡1

1!
 𝐻1(𝑥)  +  

𝑡2

2!
 𝐻2(𝑥)  +----  + 

𝑡𝑛

𝑛!
 𝐻𝑛(𝑥) +

𝑡𝑛+1

(𝑛+1)!
 𝐻𝑛+1(𝑥)+----- 

          𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦 𝑤 𝑟 𝑡 ′𝑡 ′𝑤𝑖𝑡ℎ 𝑛 𝑡𝑖𝑚𝑒𝑠 𝑎𝑛𝑑 𝑡ℎ𝑒𝑛 𝑝𝑢𝑡 𝑡 =  0 

                        
𝜕𝑛

𝜕𝑡𝑛  𝑒𝑥2−(𝑡−𝑥)2
=  

𝑛!

𝑛!
 𝐻𝑛(𝑥) 

                               𝐻𝑛(𝑥) =  𝑒𝑥2 𝜕𝑛

𝜕𝑡𝑛  𝑒−(𝑡−𝑥)2
 

Put 𝑡 − 𝑥 = 𝑢 𝑏𝑢𝑡 𝑡 = 0     ⇒  −𝑥 = 𝑢 𝑎𝑛𝑑 
𝜕𝑛

𝜕𝑢𝑛 =
𝜕𝑛

𝜕(−𝑥)𝑛 = (−1)𝑛 𝜕𝑛

𝜕𝑥𝑛 

                               𝐻𝑛(𝑥) =  𝑒𝑥2 𝜕𝑛

𝜕𝑡𝑛  𝑒−(𝑡−𝑥)2
=   𝑒𝑥2

 
𝜕𝑛

𝜕𝑢𝑛  𝑒−𝑢2
=𝑒𝑥2

(−1)𝑛 𝜕𝑛

𝜕𝑥𝑛 𝑒−𝑥2
 

                      Hence    Hn(x) = (−1)𝑛𝑒𝑥2 𝑑𝑛

𝑑𝑥𝑛   𝑒−𝑥2
 

 

 

 

Theorem: (Orthogonal Properties of Hn(x) ) 
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Prove that ∫ 𝑒−𝑥2
Hn(x)Hm(x)𝑑𝑥 = 0     𝑖𝑓 𝑚 ≠ 𝑛,       =  √𝜋  2𝑛 𝑛 !     𝑖𝑓 𝑚 = 𝑛 

                              

+∞

−∞
  

Proof: By the generating function  

                                              𝑒2𝑡𝑥−𝑡2
= ∑

𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x)     

And                                      𝑒2𝑠𝑥−𝑠2
= ∑

𝑠𝑚

𝑚!
∞
𝑚 =0  Hm(x)     

                                Multiply the above                   

                                              𝑒2𝑡𝑥−𝑡2
𝑒2𝑠𝑥−𝑠2

= ∑
𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x)    ∑

𝑠𝑚

𝑚!
∞
𝑚 =0  Hm(x)     

∑
𝑡𝑛𝑠𝑚

𝑛!𝑚!
∞
𝑛,𝑚=0  Hn(x)Hm(x) = 𝑒2𝑡𝑥−𝑡2

𝑒2𝑠𝑥−𝑠2
    

 
1

𝑛!𝑚!
Hn(x)Hm(x) = 𝑇ℎ𝑒 𝑐𝑜𝑒𝑓𝑓 𝑜𝑓𝑡𝑛𝑠𝑚𝑖𝑛 𝑒2𝑡𝑥−𝑡2

𝑒2𝑠𝑥−𝑠2
 

Multiply with 𝑒−𝑥2
 𝑎𝑛𝑑 𝑎𝑝𝑝𝑙𝑦 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑤 𝑟 𝑡 𝑥 𝑓𝑟𝑜𝑚 − ∞ 𝑡𝑜 + ∞ 

 ∫ 𝑒−𝑥2 1

𝑛!𝑚!
Hn(x)Hm(x)𝑑𝑥 = 𝑇ℎ𝑒 𝑐𝑜𝑒𝑓𝑓 𝑜𝑓  𝑡𝑛𝑠𝑚𝑖𝑛 ∫ 𝑒−𝑥2

𝑒2𝑡𝑥−𝑡2
𝑒2𝑠𝑥−𝑠2

𝑑𝑥
+∞

−∞

+∞

−∞
  ---(1) 

Consider  

∫ 𝑒−𝑥2
𝑒2𝑡𝑥−𝑡2

𝑒2𝑠𝑥−𝑠2
𝑑𝑥

+∞

−∞
= ∫ 𝑒−(𝑥2+𝑡2+ 𝑠2−2𝑡𝑥−2𝑠𝑥)𝑑𝑥

+∞

−∞
  --------(2) 

                          But (𝑥 − 𝑡 − 𝑠)2 = 𝑥2 + 𝑡2+ 𝑠2 − 2𝑥𝑡 + 2𝑠𝑡 − 2𝑥𝑠 

∴ −(𝑥2 + 𝑡2 +  𝑠2 − 2𝑡𝑥 − 2𝑠𝑥)  

                                                         = −(𝑥2 + 𝑡2+ 𝑠2 − 2𝑥𝑡 − 2𝑥𝑠 + 2𝑠𝑡 − 2𝑠𝑡) 

                                                  = −(𝑥 − 𝑡 − 𝑠)2 + 2𝑠𝑡 

∴  𝑒−(𝑥2+𝑡2+ 𝑠2−2𝑡𝑥−2𝑠𝑥) = 𝑒−(𝑥−𝑡−𝑠)2
𝑒2𝑠𝑡 

From(2) ∫ 𝑒−𝑥2
𝑒2𝑡𝑥−𝑡2

𝑒2𝑠𝑥−𝑠2
𝑑𝑥

+∞

−∞
= 𝑒2𝑠𝑡 ∫ 𝑒−(𝑥−𝑡−𝑠)2

𝑑𝑥
+∞

−∞
 

                                                         = 𝑒2𝑠𝑡 ∫ 𝑒−𝑢2
𝑑𝑥

+∞

−∞
     𝑤ℎ𝑒𝑟𝑒 𝑢 =  𝑥 − 𝑡 − 𝑠 

                                                         == 𝑒2𝑠𝑡√𝜋 

= √𝜋[ 1 +
2𝑠𝑡

1!
+

(2𝑠𝑡)2

2!
+ − − − +

(2𝑠𝑡)𝑛

𝑛!
+  − − − 

From (1)∫ 𝑒−𝑥2 1

𝑛!𝑚!
Hn(x)Hm(x)𝑑𝑥 = √𝜋 

+∞

−∞
 
2𝑛

𝑛!
      𝑓𝑜𝑟 𝑛 = 𝑚 

                                                                =0                   for n≠ 𝑚 

∫ 𝑒−𝑥2
Hn(x)Hm(x)𝑑𝑥 = 0     𝑖𝑓 𝑚 ≠ 𝑛,       =  √𝜋  2𝑛 𝑛 !     𝑖𝑓 𝑚 = 𝑛 

                              

+∞

−∞

 

Recurrence Formulae: 
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I. Prove that 𝐻′
𝑛(𝑥) = 2𝑛𝐻𝑛−1(𝑥) 

Proof: By the generating function 

                          ∑
𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x)  = 𝑒2𝑡𝑥−𝑡2

 

Differentiate w r t x on both sides 

                          ∑
𝑡𝑛

𝑛!
∞
𝑛=0  H′n(x)  =2𝑡  𝑒2𝑡𝑥−𝑡2

 

Again, by the generating function  

                          ∑
𝑡𝑛

𝑛!
∞
𝑛=0  H′n(x)  = 2𝑡  ∑

𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x) 

                          ∑
𝑡𝑛

𝑛!
∞
𝑛=0  H′n(x)  = 2  ∑

𝑡𝑛+1

𝑛!
∞
𝑛=0  Hn(x) 

Now comparing the coefficients of 𝑡𝑛 

                                
H′n(x)  

𝑛 !
 =2 

1

(𝑛−1)!
Hn−1(x) ⇒  𝐻′

𝑛(𝑥) = 2𝑛𝐻𝑛−1(𝑥) 

II. Prove that 2𝑥𝐻𝑛(𝑥) = 2𝑛𝐻𝑛−1(𝑥) + 𝐻𝑛+1(𝑥) 

Proof: By the generating function 

                          ∑
𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x)  = 𝑒2𝑡𝑥−𝑡2

 

Differentiate w r t t on both sides 

                          ∑
𝑛𝑡𝑛−1

𝑛!
∞
𝑛=0  Hn(x)  = (2𝑥 − 2𝑡)𝑒2𝑡𝑥−𝑡2

 

             ∑
𝑛𝑡𝑛−1

𝑛!
∞
𝑛=0  Hn(x)  = (2𝑥 − 2𝑡) ∑

𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x) 

∑
𝑡𝑛−1

(𝑛−1)!
∞
𝑛=0  Hn(x)  = 2𝑥 ∑

𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x) − 2 ∑

𝑡𝑛+1

𝑛!
∞
𝑛=0  Hn(x) 

Now comparing the coefficients of 𝑡𝑛 

             
1

𝑛!
Hn+1(x) = 2x 

1

𝑛!
Hn(x) − 2 

1

(𝑛−1)!
Hn−1(x)   

                
1

𝑛!
Hn+1(x) = 2x 

1

𝑛!
Hn(x) − 2 

𝑛

𝑛!
Hn−1(x)  

               ⇒ 2𝑥𝐻𝑛(𝑥) = 2𝑛𝐻𝑛−1(𝑥) + 𝐻𝑛+1(𝑥)  

III. Prove that 𝐻′
𝑛(𝑥) = 2𝑥𝐻𝑛(𝑥) − 𝐻𝑛+1(𝑥) 

Proof: By recurrence formula -I 

                          𝐻′
𝑛(𝑥) = 2𝑛𝐻𝑛−1(𝑥) ------(1) 

Also, by recurrence formula -II 

                   2𝑥𝐻𝑛(𝑥) = 2𝑛𝐻𝑛−1(𝑥) + 𝐻𝑛+1(𝑥) -----(2) 

(1) – (2)   ⇒ 𝐻′
𝑛(𝑥) = 2𝑥𝐻𝑛(𝑥) − 𝐻𝑛+1(𝑥)  
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IV. Prove that 𝐻′′
𝑛(𝑥) − 2𝑥𝐻′

𝑛(𝑥) + 2𝑛𝐻𝑛(𝑥) = 0 

Proof: By the Hermite Differential equation  

                      
𝑑2𝑦

𝑑𝑥2 − 2𝑥
𝑑𝑦

𝑑𝑥
+ 2𝑛𝑦 = 0  But 𝐻𝑛(𝑥) is the solution of the D.E 

             ∴  𝐻′′
𝑛(𝑥) − 2𝑥𝐻′

𝑛(𝑥) + 2𝑛𝐻𝑛(𝑥) = 0  

Problems: 

1.Show that 𝐻′′
𝑛(𝑥) = 4𝑛(𝑛 − 1)𝐻𝑛−2(𝑥) 

Solution: By recurrence formula-I 

                           𝐻′
𝑛(𝑥) = 2𝑛𝐻𝑛−1(𝑥) -------(1) 

Differentiate w r t x 

                        𝐻′′
𝑛(𝑥) = 2𝑛𝐻′𝑛−1(𝑥)  ------(2) 

Again from (1)      𝐻′
𝑛(𝑥) = 2𝑛𝐻𝑛−1(𝑥) 

Replace n by (n-1) 

     𝐻′
𝑛−1(𝑥) = 2(𝑛 − 1)𝐻𝑛−2(𝑥)    put the value in (2) 

             𝐻′′
𝑛(𝑥) = 4𝑛(𝑛 − 1)𝐻𝑛−2(𝑥)  

2.Prove that 𝑖)𝐻2𝑛(0) = (−1)𝑛 (2𝑛)!

𝑛 !
    𝑖𝑖)𝐻2𝑛+1(0) = 0 

Solution:   i) By the generating function  

                      ∑
𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x)  = 𝑒2𝑡𝑥−𝑡2

 

Put 𝑥 = 0               ∑
𝑡𝑛

𝑛!
∞
𝑛=0  Hn(0)  = 𝑒−𝑡2

 

        ∑
𝑡𝑛

𝑛!
∞
𝑛=0  Hn(0)  = 1 −

𝑡2

1 !
+

(𝑡2)
2

2!
−--------+(−1)𝑛 (𝑡2)

𝑛

𝑛 !
+-------- 

      ∑
𝑡𝑛

𝑛!
∞
𝑛=0  Hn(0) = 1 −

𝑡2

1 !
+

𝑡4

2!
−--------+(−1)𝑛 𝑡2𝑛

𝑛 !
+-------- 

Comparing the coefficients of 𝑡2𝑛 

1

(2𝑛)!
H2n(0) = (−1)𝑛 1

𝑛 !
 ⇒  𝐻2𝑛(0) = (−1)𝑛 (2𝑛)!

𝑛 !
 

ii) Again, to comparing the coefficients of 𝑡2𝑛+1  

                     
1

(2𝑛+1)!
H2n+1(0) = 0  (𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑛𝑜 𝑜𝑑𝑑 𝑝𝑜𝑤𝑒𝑟 𝑡 𝑖𝑛 𝑡ℎ𝑒 𝑅𝐻𝑆)  
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3.Show that 
𝑑𝑚

𝑑𝑥𝑚  [ Hn(x) ] =
2𝑚 𝑛!

(𝑛−𝑚)!
Hn−m(x)   

Solution: By the generating function  

                      ∑
𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x)  = 𝑒2𝑡𝑥−𝑡2

 

Apply 
𝑑𝑚

𝑑𝑥𝑚 on both sides  

∑
𝑡𝑛

𝑛!
∞
𝑛=0  

𝑑𝑚

𝑑𝑥𝑚 Hn(x)  = 
𝑑𝑚

𝑑𝑥𝑚 𝑒2𝑡𝑥−𝑡2
= (2𝑡)𝑚𝑒2𝑡𝑥−𝑡2

 

          ∑
𝑡𝑛

𝑛!
∞
𝑛=0  

𝑑𝑚

𝑑𝑥𝑚 Hn(x)  =(2𝑡)𝑚  ∑
𝑡𝑛

𝑛!
∞
𝑛=0  Hn(x)  

                                         = 2𝑚 ∑
𝑡𝑛+𝑚

𝑛!
∞
𝑛=0  Hn(x)            

          ∑
𝑡𝑛

𝑛!
∞
𝑛=0  

𝑑𝑚

𝑑𝑥𝑚 Hn(x)  =2𝑚 ∑
𝑡𝑛+𝑚

𝑛!
∞
𝑛=0  Hn(x)   

Put 𝑟 = 𝑛 + 𝑚 ⇒ 𝑛 = 𝑟 − 𝑚    𝑓𝑜𝑟 𝑛 = 0 ⇒ 𝑟 = 𝑚  𝑎𝑛𝑑 𝑓𝑜𝑟 𝑛 = ∞ ⇒ 𝑟 = ∞       

Comparing the coefficient of   𝑡𝑛  

    
1

𝑛 !

𝑑𝑚

𝑑𝑥𝑚 Hn(x) = 2𝑚 1

(𝑛−𝑚)!
Hn−m(x) 

                       Hence 
𝑑𝑚

𝑑𝑥𝑚  [ Hn(x) ] =
2𝑚 𝑛!

(𝑛−𝑚)!
Hn−m(x)   

 

 

 

                                                                     All the best 
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Chapter-3   Bessel’s Polynomial 

 

Definition: A differential equation is in the form  

𝑑2𝑦

𝑑𝑥2
+

1

𝑥
 
𝑑𝑦

𝑑𝑥
+ ( 1 −

𝑛2

𝑥2
) 𝑦 = 0 

Is called Bessel’s Differential equation. 

And it having two solutions Denoted by 𝐽𝑛(𝑥) 𝑎𝑛𝑑 𝐽−𝑛(𝑥)  and defined by  

                               𝐽𝑛(𝑥) = ∑
(−1)𝑟

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0  and 

                              𝐽−𝑛(𝑥) = ∑
(−1)𝑟

𝑟 ! Γ(−𝑛+𝑟+1)
( 

𝑥

2
 )

−𝑛+2𝑟
∞
𝑟=0  

Note that  

                     𝐽0(𝑥) = 1 −
𝑥2

22 + 
𝑥4

22.42 −
𝑥6

22.42.62 + ……… 

Recurrence formula − I  

Prove that 𝑥𝐽′
𝑛

(𝑥) = 𝑛  𝐽𝑛(𝑥) − 𝑥 𝐽𝑛+1(𝑥) 

Proof: We know that  

𝐽𝑛(𝑥) = ∑
(−1)𝑟

𝑟 !  Γ(𝑛 + 𝑟 + 1)
( 

𝑥

2
 )

𝑛+2𝑟
∞

𝑟=0

 

Differentiating 𝑤𝑟𝑡 𝑥  

𝐽′
𝑛

(𝑥) = ∑
(−1)𝑟

𝑟 ! Γ(𝑛+𝑟+1)
(𝑛 + 2𝑟) ( 

𝑥

2
 )

𝑛+2𝑟−1 1

2

∞
𝑟=0   

           =
1

𝑥
∑

(−1)𝑟(𝑛+2𝑟)

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0   

             =
𝑛

𝑥
∑

(−1)𝑟

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0 +

1

𝑥
∑

(−1)𝑟(2𝑟)

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0  

               =
𝑛

𝑥
  𝐽

𝑛
(𝑥) +

2

𝑥
∑

(−1)𝑟

(𝑟−1) ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0         Put 𝑟 − 1 = 𝑠 ⇒ 𝑟 = 𝑠 + 1 



                                                                    BSR MATHS GDC RAVULAPALEM.KONASEEMA DIST 

     𝐽′
𝑛

(𝑥) =
𝑛

𝑥
  𝐽

𝑛
(𝑥) +

2

𝑥
∑

(−1)𝑠+1

𝑠 ! Γ(𝑛+1+𝑠+1)
( 

𝑥

2
 )

𝑛+2(𝑠+1)
∞
𝑠=0     

                =
𝑛

𝑥
  𝐽

𝑛
(𝑥) −

2

𝑥
∑

(−1)𝑠

𝑠 ! Γ[(𝑛+1)+𝑠+1]
( 

𝑥

2
 )

𝑛+1+2𝑠+1
∞
𝑠=0   

               =
𝑛

𝑥
  𝐽

𝑛
(𝑥) −

2

𝑥
∑

(−1)𝑠

𝑠 ! Γ[(𝑛+1)+𝑠+1]
( 

𝑥

2
 )

𝑛+1+2𝑠

.∞
𝑠=0 ( 

𝑥

2
 )  

               𝑥 𝐽′
𝑛

(𝑥)   = 𝑛  𝐽𝑛(𝑥) − 𝑥 𝐽𝑛+1(𝑥) 

Recurrence formula − II  

Prove that 𝑥𝐽′
𝑛

(𝑥) = −𝑛  𝐽𝑛(𝑥) + 𝑥 𝐽𝑛−1(𝑥) 

Proof: We know that  

𝐽𝑛(𝑥) = ∑
(−1)𝑟

𝑟 !  Γ(𝑛 + 𝑟 + 1)
( 

𝑥

2
 )

𝑛+2𝑟
∞

𝑟=0

 

                                             𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑛𝑔 𝑤𝑟𝑡 𝑥   

𝐽′
𝑛

(𝑥) = ∑
(−1)𝑟

𝑟 ! Γ(𝑛+𝑟+1)
(𝑛 + 2𝑟) ( 

𝑥

2
 )

𝑛+2𝑟−1 1

2

∞
𝑟=0   

  𝑥𝐽′
𝑛

(𝑥)  =  ∑
(−1)𝑟(2𝑛+2𝑟−𝑛 )

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0     

                   = −𝑛 ∑
(−1)𝑟

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0 + ∑

(−1)𝑟(2𝑛+2𝑟)

𝑟 !  Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0    

               = −𝑛  𝐽
𝑛
(𝑥) + ∑

(−1)𝑟2(𝑛+𝑟)

(𝑟−1)!  (𝑛+𝑟)Γ(𝑛+𝑟)
( 

𝑥

2
 )

𝑛+2𝑟−1
∞
𝑟=0 ( 

𝑥

2
 )      ∵ Γ(𝑛 + 1) = 𝑛Γ(𝑛) 

            𝑥 𝐽′
𝑛

(𝑥) = −𝑛  𝐽
𝑛
(𝑥) + 𝑥 ∑

(−1)𝑟

𝑟 ! Γ(𝑛−1+𝑟+1)
( 

𝑥

2
 )

(𝑛−1) +2𝑟
∞
𝑟=0     

                             = −𝑛  𝐽𝑛(𝑥) + 𝑥 𝐽𝑛−1(𝑥) 

               Hence  𝑥𝐽′
𝑛

(𝑥) = −𝑛  𝐽𝑛(𝑥) + 𝑥 𝐽𝑛−1(𝑥) 

 

Recurrence formula − III  

Prove that 2𝐽′
𝑛

(𝑥) =  𝐽𝑛−1(𝑥) − 𝐽𝑛+1(𝑥) 

Proof: We know that  

𝐽𝑛(𝑥) = ∑
(−1)𝑟

𝑟 !  Γ(𝑛 + 𝑟 + 1)
( 

𝑥

2
 )

𝑛+2𝑟
∞

𝑟=0

 



                                                                    BSR MATHS GDC RAVULAPALEM.KONASEEMA DIST 

                                                   𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑛𝑔 𝑤𝑟𝑡 𝑥   

2 𝐽′
𝑛

(𝑥) = ∑
(−1)𝑟

𝑟 ! Γ(𝑛+𝑟+1)
(𝑛 + 2𝑟) ( 

𝑥

2
 )

𝑛+2𝑟−1
∞
𝑟=0   

  2𝐽′
𝑛

(𝑥)  =  ∑
(−1)𝑟(𝑛+𝑟+𝑟 )

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟−1
∞
𝑟=0     

                   = ∑
(−1)𝑟 𝑟

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟−1
∞
𝑟=0 +  ∑

(−1)𝑟(𝑛+𝑟)

𝑟 !  Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟−1
∞
𝑟=0    

                                                But Γ(𝑛 + 1) = 𝑛Γ(𝑛) 

               = ∑
(−1)𝑟 

(𝑟−1) ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟−1
∞
𝑟=0  + ∑

(−1)𝑟(𝑛+𝑟)

 𝑟!  (𝑛+𝑟)Γ(𝑛+𝑟)
( 

𝑥

2
 )

𝑛+2𝑟−1
∞
𝑟=0      

                          Put 𝑟 − 1 = 𝑠 ⇒ 𝑟 = 𝑠 + 1 

  2 𝐽′
𝑛

(𝑥) = ∑
(−1)𝑠+1 

𝑠 ! Γ(𝑛+1+𝑠+1)
( 

𝑥

2
 )

𝑛+2(𝑠+1)−1
∞
𝑟=0 +  ∑

(−1)𝑟

𝑟 ! Γ(𝑛−1+𝑟+1)
( 

𝑥

2
 )

(𝑛−1) +2𝑟
∞
𝑟=0     

                          = − ∑
(−1)𝑠 

𝑠 ! Γ(𝑛+1+𝑠+1)
( 

𝑥

2
 )

𝑛+1+2𝑠

+ ∞
𝑟=0  𝐽𝑛−1(𝑥) 

               Hence  2 𝐽′
𝑛

(𝑥) = −  𝐽𝑛+1(𝑥) +  𝐽𝑛−1(𝑥) 

Recurrence formula − IV  

            Prove that    2𝑛 𝐽𝑛(𝑥) = 𝑥[ 𝐽𝑛−1(𝑥) + 𝐽𝑛+1(𝑥)] 

Proof: We know that  

                                 𝐽𝑛(𝑥) = ∑
(−1)𝑟

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0   

                    ∴   2𝑛 𝐽𝑛(𝑥) = ∑
(−1)𝑟 2𝑛

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0  

                                      = ∑
(−1)𝑟 [ 2𝑛+2𝑟−2𝑟]

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0   

                            = −2 ∑
(−1)𝑟 (𝑟)

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0 + ∑

(−1)𝑟(2𝑛+2𝑟)

𝑟 !  Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0    

        = −2 ∑
(−1)𝑟 

(𝑟−1)! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟−1
( 

𝑥

2
 ) +∞

𝑟=0  ∑
(−1)𝑟2(𝑛+𝑟)

𝑟!  (𝑛+𝑟)Γ(𝑛+𝑟)
( 

𝑥

2
 )

𝑛+2𝑟−1
∞
𝑟=0 ( 

𝑥

2
 ) 

                           Put 𝑟 − 1 = 𝑠 ⇒ 𝑟 = 𝑠 + 1  

                  = −𝑥 ∑
(−1)𝑠+1 

𝑠! Γ(𝑛+1+𝑠+1)
( 

𝑥

2
 )

𝑛+2(𝑠+1)−1
+∞

𝑟=0  𝑥 ∑
(−1)𝑟

𝑟!  Γ(𝑛−1+𝑟+1)
( 

𝑥

2
 )

𝑛−1+2𝑟
∞
𝑟=0  

                                   =  𝑥 ∑
(−1)𝑠 

𝑠! Γ(𝑛+1+𝑠+1)
( 

𝑥

2
 )

𝑛+1+2𝑠
+∞

𝑟=0 𝑥𝐽𝑛−1(𝑥) 
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               Hence     2𝑛 𝐽𝑛(𝑥) = 𝑥[ 𝐽𝑛−1(𝑥) + 𝐽𝑛+1(𝑥)] 

Recurrence formula − V  

Prove that 
𝑑

𝑑𝑥
 [ 𝑥−𝑛𝐽𝑛(𝑥)] = −𝑥−𝑛𝐽𝑛+1(𝑥) 

Proof: L H S = 
𝑑

𝑑𝑥
 [ 𝑥−𝑛𝐽𝑛(𝑥)] 

                        =  [−𝑛𝑥−𝑛−1𝐽𝑛(𝑥)] + 𝑥−𝑛 𝐽′
𝑛

(𝑥)   

= [−𝑛𝑥−𝑛−1𝐽𝑛(𝑥)] + 𝑥−𝑛−1𝑥1 𝐽′
𝑛

(𝑥) 

= 𝑥−𝑛−1[−𝑛𝐽𝑛(𝑥) + 𝑥 𝐽′
𝑛

(𝑥)] 

But by Recurrence formula – I    𝑥𝐽′
𝑛

(𝑥) = 𝑛  𝐽𝑛(𝑥) − 𝑥 𝐽𝑛+1(𝑥) 

∴    
𝑑

𝑑𝑥
 [ 𝑥−𝑛𝐽𝑛(𝑥)] =  𝑥−𝑛−1[−𝑛𝐽𝑛(𝑥) +  𝑛  𝐽𝑛(𝑥) − 𝑥 𝐽𝑛+1(𝑥)]   

                                               =  𝑥−𝑛−1[ −𝑥 𝐽𝑛+1(𝑥) ] = = −𝑥−𝑛𝐽𝑛+1(𝑥) = 𝑅𝐻𝑆   

Recurrence formula − VI  

Prove that 
𝑑

𝑑𝑥
 [ 𝑥𝑛𝐽𝑛(𝑥)] = 𝑥𝑛𝐽𝑛−1(𝑥) 

Proof: L H S = 
𝑑

𝑑𝑥
 [ 𝑥𝑛𝐽𝑛(𝑥)] 

                        =  [𝑛𝑥𝑛−1𝐽𝑛(𝑥)] + 𝑥𝑛 𝐽′
𝑛

(𝑥)   

                         = [𝑛𝑥𝑛−1𝐽𝑛(𝑥)] + 𝑥𝑛−1𝑥1 𝐽′
𝑛

(𝑥)  

                         = 𝑥𝑛−1[𝑛𝐽𝑛(𝑥) + 𝑥 𝐽′
𝑛

(𝑥)]  

But by Recurrence formula – II    𝑥𝐽′
𝑛

(𝑥) = −𝑛  𝐽𝑛(𝑥) + 𝑥 𝐽𝑛−1(𝑥)  

∴    
𝑑

𝑑𝑥
 [ 𝑥𝑛𝐽𝑛(𝑥)] =  𝑥𝑛−1[𝑛𝐽𝑛(𝑥) −  𝑛  𝐽𝑛(𝑥) + 𝑥 𝐽𝑛−1(𝑥)]   

                                               =  𝑥𝑛−1[ 𝑥 𝐽𝑛−1(𝑥) ] = = 𝑥𝑛𝐽𝑛−1(𝑥) = 𝑅𝐻𝑆   

                    Theorem:     Prove that if n is the positive integer the coefficient  
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=(−𝟏)𝒏[ 
𝟏

𝒏!
(

𝒙

𝟐
)

𝒏
+

(−𝟏)

𝜞(𝒏+𝟐)
(

𝒙

𝟐
)

𝒏+𝟐
+

(−𝟏)𝟐

𝟐!𝜞(𝒏+𝟑)
(

𝒙

𝟐
)

𝒏+𝟒
+-------------] 

= (−𝟏)𝒏𝑱𝒏(𝒙)  
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Problems: 

𝟏. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕       

                   𝒊)𝑱−𝒏(𝒙) = (−𝟏)𝒏𝑱𝒏(𝒙)  

                 𝒊𝒊)𝑱𝒏(−𝒙) = (−𝟏)𝒏𝑱𝒏(𝒙)  For x is positive. 

Solution: 𝒊)By the definition of 𝑱−𝒏(𝒙)   

                         𝐽−𝑛(𝑥) = ∑
(−1)𝑟

𝑟 ! Γ(−𝑛+𝑟+1)
( 

𝑥

2
 )

−𝑛+2𝑟
∞
𝑟=0    Let 𝑟 = 𝑛 + 𝑠 

                                = ∑
(−1)𝑛+𝑠

(𝑛+𝑠) ! Γ(−𝑛+(𝑛+𝑠)+1)
( 

𝑥

2
 )

−𝑛+2(𝑛+𝑠)
∞
𝑠=0   

                                = (−1)𝑛 ∑
(−1)𝑠

(𝑛+𝑠) ! Γ(𝑠+1)
( 

𝑥

2
 )

𝑛+2𝑠)
∞
𝑠=0     

                                 = (−1)𝑛 ∑
(−1)𝑠

𝑠 ! Γ(𝑛+𝑠+1)
( 

𝑥

2
 )

𝑛+2𝑠
∞
𝑠=0 = (−𝟏)𝒏𝑱𝒏(𝒙)  

                 𝒊𝒊)𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝐽𝑛(𝑥) = ∑
(−1)𝑟

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0   

If n is positive and to replace 𝑥 𝑏𝑦 − 𝑥 

                     𝐽𝑛(−𝑥) = ∑
(−1)𝑟

𝑟 ! Γ(𝑛+𝑟+1)
( 

−𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0   

                              = ∑
(−1)𝑟(−1)𝑛+2𝑟

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0   

= (−1)𝑛 ∑
(−1)𝑟

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0  = (−𝟏)𝒏𝑱𝒏(𝒙)         ( 𝑆𝑖𝑛𝑐𝑠𝑒 (−1)2𝑟 = +1) 

2.Show that 𝑖)𝐽
−

1

2

(𝑥) = √
2

𝜋𝑥
 cos 𝑥                              𝑖𝑖) 𝐽1

2

(𝑥) = √
2

𝜋𝑥
 Sin 𝑥 

Solution:  i) We know that  

𝐽𝑛(𝑥) = ∑
(−1)𝑟

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0   

=
(−1)0

0 ! Γ(𝑛+0+1)
( 

𝑥

2
 )

𝑛+2(0)
+

(−1)1

1 ! Γ(𝑛+1+1)
( 

𝑥

2
 )

𝑛+2(1)
+

(−1)2

2 ! Γ(𝑛+2+1)
( 

𝑥

2
 )

𝑛+2(2)

+--------------- 

=  
1

 Γ(𝑛+1)
( 

𝑥

2
 )

𝑛
+

(−1)1

1! (𝑛+1) Γ(𝑛+1)
( 

𝑥

2
 )

𝑛
( 

𝑥

2
 )

2
+

(−1)2

2 !(𝑛+2)(𝑛+1)Γ(𝑛+1)
( 

𝑥

2
 )

𝑛
( 

𝑥

2
 )

4
+--------------- 

  =  
1

 Γ(𝑛+1)
( 

𝑥

2
 )

𝑛
[ 1 −

𝑥2

4(𝑛+1)
+

𝑥4

32(𝑛+1)(𝑛+2)
+ -------------]  

Put 𝑛 = −
1

2
  

𝐽−1/2(𝑥)=  
1

 Γ(−
1

2
 +1)

( 
𝑥

2
 )

−1/2
[ 1 −

𝑥2

4(−
1

2
 +1)

+
𝑥4

32(−
1

2
 +1)(−

1

2
 +2)

+ -------------] 



                                                                    BSR MATHS GDC RAVULAPALEM.KONASEEMA DIST 

                     =  
1

 Γ( 
1

2
 )

( 
𝑥

2
 )

−1/2
[ 1 −

𝑥2

4(
1

2
)

+
𝑥4

32(
1

2
 )(

3

2
 )

+ -------------] 

                    =  
1

 √𝜋
( 

2

𝑥
 )

1/2
[ 1 −

𝑥2

2
+

𝑥4

24
+ -------------] 

                   =  √
2

𝜋𝑥
[ 1 −

𝑥2

2 !
+

𝑥4

4 !
+ -------------]  = √

2

𝜋𝑥
 cos 𝑥                                

i) Again   

𝐽𝑛(𝑥) = ∑
(−1)𝑟

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0   

=
(−1)0

0 ! Γ(𝑛+0+1)
( 

𝑥

2
 )

𝑛+2(0)
+

(−1)1

1 ! Γ(𝑛+1+1)
( 

𝑥

2
 )

𝑛+2(1)
+

(−1)2

2 ! Γ(𝑛+2+1)
( 

𝑥

2
 )

𝑛+2(2)

+--------------- 

=  
1

 Γ(𝑛+1)
( 

𝑥

2
 )

𝑛
+

(−1)1

1! (𝑛+1) Γ(𝑛+1)
( 

𝑥

2
 )

𝑛
( 

𝑥

2
 )

2
+

(−1)2

2 !(𝑛+2)(𝑛+1)Γ(𝑛+1)
( 

𝑥

2
 )

𝑛
( 

𝑥

2
 )

4
+--------------- 

  =  
1

 Γ(𝑛+1)
( 

𝑥

2
 )

𝑛
[ 1 −

𝑥2

4(𝑛+1)
+

𝑥4

32(𝑛+1)(𝑛+2)
+ -------------]  

Put 𝑛 =
1

2
  

𝐽1/2(𝑥)=  
1

 Γ(
1

2
 +1)

( 
𝑥

2
 )

1/2
[ 1 −

𝑥2

4(
1

2
 +1)

+
𝑥4

32(
1

2
 +1)(

1

2
 +2)

+ -------------] 

                     =  
1

1

2
  Γ( 

1

2
 )

( 
𝑥

2
 )

1/2
[ 1 −

𝑥2

4(
3

2
)

+
𝑥4

32(
3

2
 )(

5

2
 )

+ -------------] 

                    =  
2

 √𝜋
√( 

𝑥

2
 ) [ 1 −

𝑥2

6
+

𝑥4

120
+ -------------] 

                 =  
2

 √𝜋
√( 

𝑥

2
 )

1

𝑥
[ 𝑥 −

𝑥3

6
+

𝑥5

120
+ -------------] 

              =  √
2

𝜋𝑥
 [ 𝑥 −

𝑥3

3 !
+

𝑥5

5 !
+ -------------] = √

2

𝜋𝑥
 Sin 𝑥. 

3.Show that 𝑖)√
𝜋𝑥

2
   𝐽3

2

(𝑥) =
1

𝑥
 sin 𝑥 − cos 𝑥                               

𝐽𝑛(𝑥) = ∑
(−1)𝑟

𝑟 ! Γ(𝑛+𝑟+1)
( 

𝑥

2
 )

𝑛+2𝑟
∞
𝑟=0   

=
(−1)0

0 ! Γ(𝑛+0+1)
( 

𝑥

2
 )

𝑛+2(0)
+

(−1)1

1 ! Γ(𝑛+1+1)
( 

𝑥

2
 )

𝑛+2(1)
+

(−1)2

2 ! Γ(𝑛+2+1)
( 

𝑥

2
 )

𝑛+2(2)

+--------------- 

=  
1

 Γ(𝑛+1)
( 

𝑥

2
 )

𝑛
+

(−1)1

1! (𝑛+1) Γ(𝑛+1)
( 

𝑥

2
 )

𝑛
( 

𝑥

2
 )

2
+

(−1)2

2 !(𝑛+2)(𝑛+1)Γ(𝑛+1)
( 

𝑥

2
 )

𝑛
( 

𝑥

2
 )

4
+--------------- 

  =  
1

 Γ(𝑛+1)
( 

𝑥

2
 )

𝑛
[ 1 −

𝑥2

4(𝑛+1)
+

𝑥4

32(𝑛+1)(𝑛+2)
+ -------------]  
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𝑃𝑢𝑡 𝑛 = 
3

2
   

𝐽3/2(𝑥) =   
1

 Γ( 
3

2
 +1)

( 
𝑥

2
 )

3/2
[ 1 −

𝑥2

4( 
3

2
 +1)

+
𝑥4

32( 
3

2
 + 1)( 

3

2
 +2)

+  ---------------- ] 

             =   
𝑥√𝑥

2√2 
3

2 
 
1

2
 Γ( 

1

2
 )

[ 1 −
𝑥2

4( 
5

2
 )

+
𝑥4

32( 
5

2
 )( 

7

2
 )

+----------] 

       √
𝜋𝑥

2
   𝐽3

2

(𝑥) = √
𝜋𝑥

2
  

2𝑥√𝑥

3√2  √𝜋
[ 1 −

𝑥2

4( 
5

2
 )

+
𝑥4

32( 
5

2
 )( 

7

2
 )

+----------] 

            =    
𝑥2

3
[ 1 −

𝑥2

2.5
+

𝑥4

5.7.8
+  − − − − − − − − −]  

  √
𝜋𝑥

2
   𝐽3

2

(𝑥) =  
𝑥2

3
−  

𝑥4

2.3.5
+

𝑥6

3.5.7.8
+ ----------- 

                   =  
2𝑥2

2.3
−  

4𝑥4

2.3.4.5
+

6𝑥6

2.3.4.5.6.7
+ ----------- 

                  =  
2𝑥2

3 !
 − 

4𝑥4

5 !
+

6𝑥6

7 !
+ ----------- 

                = (
𝟏

𝟐!
−

𝟏

𝟑!
) 𝒙𝟐 − ( 

𝟏

𝟒 !
−

𝟏

𝟓 !
) 𝒙𝟒 + ( 

𝟏

𝟔 !
−

𝟏

𝟕 !
) 𝒙𝟔- + ----------------- 

                = (
𝒙𝟐

𝟐!
−

𝒙𝟐

𝟑!
) − ( 

𝒙𝟒

𝟐!
−

𝒙𝟒

𝟓 !
) + ( 

𝒙𝟔

𝟔 !
−

𝒙𝟔

𝟕 !
)- + ----------------- 

               = [  
𝒙𝟐

𝟐!
 - 

𝒙𝟒

𝟒!
+

𝒙𝟔

𝟔!
−------------ ]+ [ − 

𝒙𝟐

𝟑!
 + 

𝒙𝟒

𝟓!
−

𝒙𝟔

𝟕!
−------------ ] 

             = −[ − 
𝒙𝟐

𝟐!
 + 

𝒙𝟒

𝟒!
−

𝒙𝟔

𝟔!
−------------ ]+ [ 𝟏 −  

𝒙𝟐

𝟑!
 + 

𝒙𝟒

𝟓!
−

𝒙𝟔

𝟕!
−------------ −𝟏] 

             = −[𝟏 − 
𝒙𝟐

𝟐!
 + 

𝒙𝟒

𝟒!
−

𝒙𝟔

𝟔!
−------------ -1 ]+ 

𝟏

𝒙
[ 𝒙 −  

𝒙𝟑

𝟑!
 + 

𝒙𝟓

𝟓!
−

𝒙𝟕

𝟕!
−------------] −𝟏 

 =  −[ 𝑪𝒐𝒔 𝒙 − 𝟏] +
𝟏

𝒙
 [ 𝑺𝒊𝒏 𝒙 ] − 𝟏 =  

1

𝑥
 sin 𝑥 − cos 𝑥                               

Theorem: Prove that  
𝑑

𝑑𝑥
 [ 

𝐽−𝑛

𝐽𝑛
 ] = −

2 sin 𝑛𝜋

𝜋𝐽𝑛
2  

Proof: By the definition of Bessel’s formula 

                                          
𝑑2𝑦

𝑑𝑥2 +
1

𝑥
 
𝑑𝑦

𝑑𝑥
+ ( 1 −

𝑛2

𝑥2) 𝑦 = 0  

But 𝐽𝑛 𝑎𝑛𝑑 𝐽−𝑛 𝑎𝑟𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

                                  ∴  
𝑑2𝐽𝑛

𝑑𝑥2 +
1

𝑥
 
𝑑𝐽𝑛

𝑑𝑥
( 1 −

𝑛2

𝑥2) 𝐽𝑛 = 0  -------(1)  ×  𝐽−𝑛  

                           And   
𝑑2𝐽−𝑛

𝑑𝑥2 +
1

𝑥
 
𝑑𝐽−𝑛

𝑑𝑥
( 1 −

𝑛2

𝑥2) 𝐽−𝑛 = 0  ------(2) ×  𝐽𝑛  

     [𝐽−𝑛
𝑑2𝐽𝑛

𝑑𝑥2 − 𝐽𝑛
𝑑2𝐽−𝑛

𝑑𝑥2 ]  - 
1

𝑥
 [𝐽−𝑛

𝑑𝐽𝑛

𝑑𝑥
− 𝐽𝑛

𝑑𝐽−𝑛

𝑑𝑥
] = 0   
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[𝐽−𝑛
𝑑2𝐽𝑛

𝑑𝑥2 − 𝐽𝑛
𝑑2𝐽−𝑛

𝑑𝑥2 ]

[𝐽−𝑛
𝑑𝐽𝑛

𝑑𝑥
− 𝐽𝑛

𝑑𝐽−𝑛

𝑑𝑥
]

= −
1

𝑥
   

Integrating on both sides∫
[𝐽−𝑛

𝑑2𝐽𝑛
𝑑𝑥2 −𝐽𝑛

𝑑2𝐽−𝑛
𝑑𝑥2 ]

[𝐽−𝑛
𝑑𝐽𝑛
𝑑𝑥

−𝐽𝑛
𝑑𝐽−𝑛

𝑑𝑥
]

 𝑑𝑥 = − ∫
1

𝑥
 𝑑𝑥 

log[ 𝐽−𝑛

𝑑𝐽𝑛

𝑑𝑥
− 𝐽𝑛

𝑑𝐽−𝑛

𝑑𝑥
] = − log 𝑥 + log 𝐴 = log

𝐴

𝑥
 

                                    𝐽−𝑛
𝑑𝐽𝑛

𝑑𝑥
− 𝐽𝑛

𝑑𝐽−𝑛

𝑑𝑥
=  

𝐴

𝑥
 ----------(3) 

⇒ ∑
(−1)

𝑟

𝑟 !  Γ(−𝑛 + 𝑟 + 1)
( 

𝑥
2

 )
−𝑛+2𝑟

× ∑
(−1)𝑟(𝑛 + 2𝑟)

𝑟 !  Γ(𝑛 + 𝑟 + 1)
( 

𝑥
2

 )
𝑛+2𝑟−1

(
1
2

 )

∞

𝑟=0

∞

𝑟=0

 

− ∑
(−1)

𝑟

𝑟 !  Γ(𝑛 + 𝑟 + 1)
( 

𝑥
2

 )
𝑛+2𝑟

× ∑
(−1)𝑟(−𝑛 + 2𝑟)

𝑟 !  Γ(−𝑛 + 𝑟 + 1)
( 

𝑥
2

 )
−𝑛+2𝑟

(
1
2

) =
𝐴
𝑥

∞

𝑟=0

∞

𝑟=0

 

Comparing the coefficient of   
𝟏

𝒙
    

𝟏

𝚪(−𝒏 + 𝟏)𝚪(𝒏 + 𝟏)
[ 𝒏 − (−𝒏)] = 𝑨 

  𝑨 =
𝟐𝒏

𝚪(−𝒏+𝟏)𝚪(𝒏+𝟏)
=

𝟐

𝚪(−𝒏+𝟏)𝚪(𝒏)
=

𝟐

𝚪(𝒏)𝚪(𝟏−𝒏)
=

𝟐
𝝅

𝒔𝒊𝒏 𝒏𝝅
 
 = 

𝟐 𝒔𝒊𝒏 𝒏𝝅

𝝅
 

Put the value in (3)                                 

                                 𝐽−𝑛
𝑑𝐽𝑛

𝑑𝑥
− 𝐽𝑛

𝑑𝐽−𝑛

𝑑𝑥
=  

𝐴

𝑥
 = 

𝟐 𝒔𝒊𝒏 𝒏𝝅

𝝅𝒙
 

                                 𝐽𝑛
𝑑𝐽−𝑛

𝑑𝑥
− 𝐽−𝑛

𝑑𝐽𝑛

𝑑𝑥
= − 

𝟐 𝒔𝒊𝒏 𝒏𝝅

𝝅𝒙
 

Dividing with 𝑱 𝟐
𝒏 on both sides 

                                 
𝐽𝑛

𝑑𝐽−𝑛
𝑑𝑥

−𝐽−𝑛
𝑑𝐽𝑛
𝑑𝑥

𝑱 𝟐
𝒏

 = − 
𝟐 𝒔𝒊𝒏 𝒏𝝅

𝝅𝒙 𝑱 𝟐
𝒏

 

                                Hence 
𝑑

𝑑𝑥
 [ 

𝐽−𝑛

𝐽𝑛
 ] = −

2 sin 𝑛𝜋

𝜋𝐽𝑛
2  

Theorem: Prove that  

𝑑

𝑑𝑥
[ 𝐽𝑛

2 + 𝐽2
(𝑛+1)] = 2 [   

𝑛

𝑥
𝐽𝑛

2 −
𝑛 + 1

𝑥
𝐽2

(𝑛+1)] 

Proof:                 
𝑑

𝑑𝑥
[ 𝐽𝑛

2 + 𝐽2
(𝑛+1)] = 2𝐽𝑛𝐽′𝑛 + 2𝐽𝑛+1𝐽′𝑛+1  -----------(1) 

                    By Recurrence Formula – I   

                                    𝑥𝐽′
𝑛

(𝑥) = 𝑛  𝐽𝑛(𝑥) − 𝑥 𝐽𝑛+1(𝑥)  
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                                             ⇒ 𝐽′
𝑛 = 

𝑛

𝑥
  𝐽𝑛 −  𝐽𝑛+1   -----------(2) 

                By Recurrence Formula – II 

                           𝑥𝐽′
𝑛

(𝑥) = −𝑛  𝐽𝑛(𝑥) + 𝑥 𝐽𝑛−1(𝑥)  

                                𝐽′
𝑛 = −

𝑛

𝑥
  𝐽𝑛 +  𝐽𝑛−1 

                                 𝑅𝑒𝑝𝑙𝑎𝑐𝑖𝑛𝑔 𝑛 𝑏𝑦 (𝑛 + 1)  

                               𝐽′
𝑛+1 = −

𝑛+1

𝑥
  𝐽𝑛+1 +  𝐽𝑛 ----------------(3) 

Put the values (2) & (3) in (1) 

:                 
𝑑

𝑑𝑥
[ 𝐽𝑛

2 + 𝐽2
(𝑛+1)] = 2𝐽𝑛𝐽′𝑛 + 2𝐽𝑛+1𝐽′𝑛+1 

= 2𝐽𝑛[  
𝑛

𝑥
  𝐽𝑛 −  𝐽𝑛+1 ] + 2𝐽𝑛+1[−

𝑛 + 1

𝑥
  𝐽𝑛+1 +  𝐽𝑛]  

                               =  
2𝑛

𝑥
𝐽𝑛

2     − 2𝐽𝑛 𝐽𝑛+1  −
2(𝑛+1)

𝑥
𝐽2

𝑛+1 +  2𝐽𝑛 𝐽𝑛+1 

                              = 2 [   
𝑛

𝑥
𝐽𝑛

2 −
𝑛+1

𝑥
𝐽2

(𝑛+1)] 

Theorem: Prove that 
𝑑

𝑑𝑥
 (𝑥 𝐽𝑛 𝐽𝑛+1) = 𝑥[ 𝐽𝑛

2 − 𝐽2
(𝑛+1)] 

Proof: We know that (𝑢 𝑣 𝑤 )′ = 𝑢′𝑣 𝑤 + 𝑢 𝑣′𝑤 + 𝑢 𝑣 𝑤′ 

Now   
𝑑

𝑑𝑥
 (𝑥 𝐽𝑛 𝐽𝑛+1) =   𝐽𝑛 𝐽𝑛+1 +  𝑥 𝐽′𝑛 𝐽𝑛+1 +  𝑥 𝐽𝑛 𝐽′𝑛+1 ------(1) 

                 By Recurrence Formula – I   

                                    𝑥𝐽′
𝑛 = 𝑛  𝐽𝑛 − 𝑥 𝐽𝑛+1 ----------(2) 

                  By Recurrence Formula – II 

                           𝑥𝐽′
𝑛

(𝑥) = −𝑛  𝐽𝑛(𝑥) + 𝑥 𝐽𝑛−1(𝑥)  

                                 𝑅𝑒𝑝𝑙𝑎𝑐𝑖𝑛𝑔 𝑛 𝑏𝑦 (𝑛 + 1)  

                               𝑥𝐽′
𝑛+1 = −(𝑛 + 1)  𝐽𝑛+1 + 𝑥 𝐽𝑛   ----------(3) 

Put the values (2) &(3) in (1) 

      
𝑑

𝑑𝑥
 (𝑥 𝐽𝑛 𝐽𝑛+1) =   𝐽𝑛 𝐽𝑛+1 + ( 𝑥 𝐽′

𝑛) 𝐽𝑛+1 + ( 𝑥 𝐽′
𝑛+1) 𝐽𝑛  

=   𝐽𝑛 𝐽𝑛+1 + (𝑛  𝐽𝑛 − 𝑥 𝐽𝑛+1 ) 𝐽𝑛+1 + (−(𝑛 + 1)  𝐽𝑛+1 + 𝑥 𝐽𝑛 ) 𝐽𝑛 

                       =   𝐽𝑛 𝐽𝑛+1 + 𝑛  𝐽𝑛 𝐽𝑛+1 − 𝑥 𝐽2
(𝑛+1)  − (𝑛 + 1)  𝐽𝑛 𝐽𝑛+1 + 𝑥𝐽𝑛

2   

                          = 𝑥[ 𝐽𝑛
2 − 𝐽2

(𝑛+1)]  

                                                   &&&&&&& 
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Special Functions VII A 

2.Power series and power series solutions of Ordinary differential Equations 

 

B. Srinivasa Rao Lecturer in Mathematics GDC Ravulapalem. 

Infinite series: 

A series is the sum of the terms in the sequence < un >. that is  

                           if < un  > =< u1 ,u2 ,u3 , . . . ,un ,. . . . > the it’s infinite sum 

                            u1  +u2 + u3+  . . . +un +. . . . 

     is called an Infinite series and is denoted by ∑  un
∞ 
n=1  or ∑ un 

Example: Let < 
1

n
 > = < 

1

1
,

1

2
, . . . . .  

1

n
,

1

n+1
, . . . . . .> is a sequence of positive terms then  

1

1
+

1

2
+ . . . . . +

1

n 
, +

1

n+1
 . . . . . . = ∑

1

n
 is an infinite series. 

Cauchy’s nth root test. Let ∑ un is a series of positive terms such that     lim  
n→∞

√un
n   = l  

  then i) If l < 1 convergent. ii) If l > 1 divergent iii) If l =1 test fails. 

D’ Alembert’s Ratio Test on convergence of a series. Let ∑ un is a series of  

positive terms such that    lim   
n→∞

un+1

un
  = l 

i)If l < 1 Series Convergent.  ii) If l > 1 Series Divergent.  iii) If l = 1 test fails. 

Power series: An infinite series are in the form 

        ∑ 𝑎𝑛
∞
𝑛=0  𝑥𝑛 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 + …………. 

      called power series 

Radius of Convergent series: 

A positive number r is said to be the radius of convergence of a power series if the power  

series convergent for every | x | < 𝑟 and divergent for every | x | > 𝑟 
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Theorem: 

   If the power series ∑ 𝑎𝑛
∞
𝑛=0  𝑥𝑛 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 + …………. 

is such that 𝑎𝑛 ≠ 0 for all n and  

                                                lim   
n→∞

a n+1

a n
  = 

1

𝑟
    

   then ∑ 𝑎𝑛
∞
𝑛=0  𝑥𝑛 convergent for | x | < 𝑟 and divergent for every | x | > 𝑟 

Proof:  Let 𝑢𝑛 =  𝑎𝑛𝑥𝑛         for all n   

                   𝑢𝑛+1 =  𝑎𝑛+1𝑥𝑛+1     for all n   

Now  

  lim   
n→∞

|
un+1

un
|  =    lim   

n→∞
 |

an+1 𝑥
𝑛+1 

an𝑥𝑛 |  =  lim   
n→∞

|
a n+1

a n
| | 𝑥| =

|𝑥|

𝑟
     --(1)  (∵  𝐺𝑖𝑣𝑒𝑛   lim   

n→∞

a n+1

a n
  = 

1

𝑟
 )  

By D’Alembert’s Ratio test  

      a. 
|𝑥|

𝑟
 < 1 ⇒ |𝑥| < 𝑟   Convergent               b. 

|𝑥|

𝑟
 > 1 ⇒ |𝑥| > 𝑟  divergent  

Theorem: 

   If the power series ∑ 𝑎𝑛
∞
𝑛=0  𝑥𝑛 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 + …………. 

is such that 𝑎𝑛 ≠ 0 for all n and  

                                                lim   
n→∞

𝑎𝑛
1/𝑛  = 

1

𝑟
    

   then ∑ 𝑎𝑛
∞
𝑛=0  𝑥𝑛 convergent for | x | < 𝑟 and divergent for every | x | > 𝑟 

Proof:  Let 𝑢𝑛 =  𝑎𝑛𝑥𝑛         for all n   

     lim   | 
n→∞

𝑢𝑛|1/𝑛 =     lim   | 
n→∞

𝑎𝑛𝑥𝑛|1/𝑛 =    lim   | 
n→∞

𝑎𝑛|1/𝑛|𝑥| =
|𝑥|

𝑟
              

By Cauchy’s nth root test  

a. 
|𝑥|

𝑟
 < 1 ⇒ |𝑥| < 𝑟   Convergent               b. 

|𝑥|

𝑟
 > 1 ⇒ |𝑥| > 𝑟  divergent 

Note: Also, you find the radius r of the convergence of the power series. 

Problem – 1: Find the radius of the convergent series  ∑
(𝑛+1)𝑥𝑛

𝑛(𝑛+2)
 

Solution: First to compare the given series with ∑ 𝑎𝑛
∞
𝑛=0  𝑥𝑛 

                                         𝑎𝑛=  
(𝑛+1)

𝑛(𝑛+2)
      𝑎𝑛+1=  

(𝑛+2)

(𝑛+1)(𝑛+3)
 

Now lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
=  lim

𝑛→∞

(𝑛+2)

(𝑛+1)(𝑛+3)
 ×

𝑛(𝑛+2) 

(𝑛+1)
 = lim

𝑛→∞

𝑛(𝑛+2)2

(𝑛+1)2(𝑛+3)
=  lim

𝑛→∞

𝑛3(1+ 
2

𝑛
 )2

𝑛3(1+ 
1

𝑛
 )

2
(1+ 

3

𝑛
 )

= 1  
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∴ 𝑅𝑎𝑑𝑖𝑢𝑠 =  lim
𝑛→∞

𝑎𝑛

𝑎𝑛+1
 = 1 

2.Find the radius of the convergent series  ∑
2𝑛𝑥𝑛

𝑛 !
 

Solution: First to compare the given series with ∑ 𝑎𝑛
∞
𝑛=0  𝑥𝑛 

                                         𝑎𝑛= 
2𝑛

𝑛 !
       𝑎𝑛+1=  

2𝑛+1

(𝑛+1) !
 

Now lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
=  lim

𝑛→∞
 

2𝑛+1

(𝑛+1) !
×

𝑛 !

2𝑛 = lim
𝑛→∞

2

 𝑛+1
=  ∞ 

                          ∴ 𝑅𝑎𝑑𝑖𝑢𝑠 =  lim
𝑛→∞

𝑎𝑛

𝑎𝑛+1
 =

1

∞
 = 0  

3. Find the radius of the convergent series  ∑
𝑛𝑛𝑥𝑛

𝑛 !
 

Solution: First to compare the given series with ∑ 𝑎𝑛
∞
𝑛=0  𝑥𝑛 

                                         𝑎𝑛= 
𝑛𝑛

𝑛 !
       𝑎𝑛+1=  

(𝑛+1)𝑛+1

(𝑛+1) !
 

Now lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
=  lim

𝑛→∞
 
(𝑛+1)𝑛+1

(𝑛+1) !
×

𝑛 !

𝑛𝑛 = lim
𝑛→∞

(𝑛+1)𝑛

𝑛𝑛 = lim
𝑛→∞

(1 +
1

𝑛
 )

𝑛
=  𝑒  

                          ∴ 𝑅𝑎𝑑𝑖𝑢𝑠 =  lim
𝑛→∞

𝑎𝑛

𝑎𝑛+1
 =

1

𝑒
   

4. Find the radius of the convergent series  ∑
(−1)𝑛𝑥2𝑛

(𝑛 !)222𝑛  

Solution: First to compare the given series with ∑ 𝑎𝑛
∞
𝑛=0  𝑥𝑛 

                                         𝑎𝑛 =
(−1)𝑛

(𝑛 !)222𝑛       𝑎𝑛+1=  
(−1)𝑛+1

((𝑛+1) !)222𝑛+2 

Now lim
𝑛→∞

| 
𝑎𝑛+1

𝑎𝑛
| =  lim

𝑛→∞

1

((𝑛+1) !)222𝑛+2  ×
(𝑛 !)222𝑛

1
 = lim

𝑛→∞

1

4(𝑛+1)2 = 0  

                          ∴ 𝑅𝑎𝑑𝑖𝑢𝑠 =  lim
𝑛→∞

𝑎𝑛

𝑎𝑛+1
 = ∞   

Power series solutions of Ordinary differential Equations 

Problems:  1.Solve by power series method 𝑦′ − 𝑦 = 0  

Solution: Let  𝑦 = ∑ 𝑎𝑛
∞
𝑛=0  𝑥𝑛 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 + …………. 

is the power series solution of the given differential equation 

Now 𝑦′= 𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + 4𝑎4𝑥3 +  5𝑎5𝑥4 + …………. 

Put the values in the given differential equation 𝑦′ − 𝑦 = 0 

⇒ [ 𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + 4𝑎4𝑥3 +  5𝑎5𝑥4 + …………] 

                    - [𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 + …………. = 0 

⇒ [ (𝑎1 − 𝑎0) + (2𝑎2−𝑎1)𝑥 + (3𝑎3 − 𝑎2)𝑥2 + (4𝑎4−𝑎3)𝑥3 +  (5𝑎5 − 𝑎4)𝑥4 + ………= 0 
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Comparing the corresponding coefficients on both sides 

𝑎1 − 𝑎0 = 0 ----(1) ⇒  𝑎1 = 𝑎0 

 2𝑎2−𝑎1 = 0   ---(2) ⇒ 2𝑎2 = 𝑎1 = 𝑎0 ⇒ 𝑎2 =
𝑎0

2
=

𝑎0

2!
 

3𝑎3 − 𝑎2  = 0  ---(3) ⇒ 3𝑎3 = 𝑎2 =
𝑎0

2
⇒ 𝑎3 =

𝑎0

6
 =

𝑎0

3!
 

4𝑎4 − 𝑎3 = 0   ---(4) ⇒ 4𝑎4 = 𝑎3 =
𝑎0

6
 ⇒ 𝑎4 =

𝑎0

24
=

𝑎0

4!
 Etc  put the values in 

𝑦 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 + …………. 

 𝑦 = 𝑎0 + 𝑎0𝑥 +
𝑎0

2!
𝑥2 +

𝑎0

3!
𝑥3 +  

𝑎0

4!
𝑥4 +

𝑎0

5!
𝑥5 + …………. 

   𝑦 = 𝑎0[ 1 + 𝑥 +
1

2!
𝑥2 +

1

3!
𝑥3 +  

1

4!
𝑥4 +

1

5!
𝑥5 + ………….] 

2.Solve by power series method 𝑦′′ − 4𝑦 = 0  

Solution: Let  𝑦 = ∑ 𝑎𝑛
∞
𝑛=0  𝑥𝑛 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 + …………. 

is the power series solution of the given differential equation 

Now 𝑦′= 𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + 4𝑎4𝑥3 +  5𝑎5𝑥4 + …………. 

And  𝑦′′= 2𝑎2 + 6𝑎3𝑥 + 12𝑎4𝑥2 + 20𝑎5𝑥3 + …………. 

Put the values in the given differential equation 𝑦′′ − 4𝑦 = 0 

⇒ [ 2𝑎2 + 6𝑎3𝑥 + 12𝑎4𝑥2 + 20𝑎5𝑥3 + …………] 

                    - 4[𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 + …………. = 0 

⇒ [ (2𝑎2 − 4𝑎0) + (6𝑎3−4𝑎1)𝑥 + (12𝑎4 − 4𝑎2)𝑥2 + (20𝑎5−4𝑎3)𝑥3  + ………= 0 

Comparing the corresponding coefficients on both sides 

 2𝑎2 − 4𝑎0 = 0 ----(1) ⇒  𝑎2 = 2𝑎0 

 6𝑎3−4𝑎1 = 0   ---(2) ⇒ 6𝑎3 = 4𝑎1 ⇒ 𝑎3 = (
2

3
) 𝑎1 =

4

3
𝑎1                    

12𝑎4 − 4𝑎2 = 0  ---(3) ⇒ 12𝑎4 = 4𝑎2 ⇒ 𝑎4 =
1

3
 𝑎2 =

2

3
 𝑎0 

20𝑎5 − 4𝑎3 = 0   ---(4) ⇒  20𝑎5 = 4𝑎3 ⇒ 𝑎5 =
1

5
 𝑎3 =

4

15
𝑎1  

 Put the values in 

  𝑦 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 + …………. 

  𝑦 = 𝑎0 + 𝑎1𝑥 + 2𝑎0𝑥2 +
4

3
𝑎1𝑥3 +

2

3
 𝑎0 𝑥4 +

4

15
𝑎1𝑥5 + …………. 

 𝑦 = 𝑎0[ 1 + 2𝑥2 +
2

3
𝑥4 + ………….] +  𝑎1 [𝑥 +

4

3
 𝑥3 +

4

15
𝑥5 + ……….] 
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 3.Find the power series solution of the equation (𝑥2 − 1)𝑦′′ + 𝑥𝑦′ − 𝑦 = 0 

Solution: Let  𝑦 = ∑ 𝑎𝑛
∞
𝑛=0  𝑥𝑛 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 + …………. 

is the power series solution of the given differential equation 

Now 𝑦′= 𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + 4𝑎4𝑥3 +  5𝑎5𝑥4 + …………. 

And  𝑦′′= 2𝑎2 + 6𝑎3𝑥 + 12𝑎4𝑥2 + 20𝑎5𝑥3 + …………. 

Put the values in the given differential equation 

                        (𝑥2 − 1)𝑦′′ + 𝑥𝑦′ − 𝑦 = 0 

(𝑥2 − 1)(2𝑎2 + 6𝑎3𝑥 + 12𝑎4𝑥2 + 20𝑎5𝑥3 +  … … … … . ) 

                                 +𝑥(𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + 4𝑎4𝑥3 +  5𝑎5𝑥4 +  … … … … . ) 

                                                −(𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 +  … … … … ) = 0  

Comparing the corresponding coefficients 

Consistent  −2𝑎2 − 𝑎0 = 0 ⇒  𝑎2 =  −
𝑎0

2
  

x- coefficient −6𝑎3 + 𝑎1 − 𝑎1 = 0 ⇒  𝑎3 = 0 

𝑥2- coefficient 2𝑎2 − 12𝑎4 + 2𝑎2 − 𝑎2 = 0 

     ⇒  −12𝑎4 + 3𝑎2 = 0 ⇒  −12𝑎4 =  −3𝑎2 = −3 (−
𝑎0

2
) =  

3𝑎0

2
⇒  𝑎4 = −

𝑎0

8
  

𝑥3- coefficient 6𝑎3 − 20𝑎5 + 3𝑎3 − 𝑎3 = 0 ⇒ But  a3 = 0  hence  a5 = 0 

Put the values in  

  𝑦 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 + …………. 

𝑦 = 𝑎0 + 𝑎1𝑥 + (−
𝑎0

2
) 𝑥2 + (0)𝑥3 + (−

𝑎0

8
) 𝑥4 + (0)𝑥5 + …………. 

𝒚 = 𝒂𝟎[𝟏 −
𝒙𝟐

𝟐
+

𝒙𝟒

𝟖
+ …………]+𝒂𝟏𝒙  

 4.Find the power series solution of the equation (𝑥2 + 1)𝑦′′ + 𝑥𝑦′ − 𝑥𝑦 = 0 

Solution: Let  𝑦 = ∑ 𝑎𝑛
∞
𝑛=0  𝑥𝑛 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 + …………. 

is the power series solution of the given differential equation 

Now 𝑦′= 𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + 4𝑎4𝑥3 +  5𝑎5𝑥4 + …………. 

And  𝑦′′= 2𝑎2 + 6𝑎3𝑥 + 12𝑎4𝑥2 + 20𝑎5𝑥3 + …………. 

Put the values in the given differential equation 

                       (𝑥2 + 1)𝑦′′ + 𝑥𝑦′ − 𝑥𝑦 = 0 

(𝑥2 + 1)(2𝑎2 + 6𝑎3𝑥 + 12𝑎4𝑥2 + 20𝑎5𝑥3 +  … … … … . ) 

                         +𝑥(𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + 4𝑎4𝑥3 +  5𝑎5𝑥4 +  … … … … . ) 
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                                       −𝑥(𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 +  … … … … ) = 0  

Comparing the corresponding coefficients 

Consistent  2𝑎2 = 0 ⇒  𝑎2 =  0  

x- coefficient 6𝑎3 + 𝑎1 − 𝑎0 = 0 ⇒  𝑎3 =
1

6
(𝑎0 − 𝑎1) 

𝑥2- coefficient 2𝑎2 + 12𝑎4 + 2𝑎2 − 𝑎1 = 0 

     ⇒  12𝑎4 + 4(0)𝑎2 − 𝑎1 = 0 ⇒  12𝑎4 =  𝑎1 ⇒  𝑎4 =
𝑎1

12
   

𝑥3- coefficient 20𝑎5 + 6𝑎3 + 3𝑎3− 𝑎2 = 0 ⇒ But  a2 = 0   

                         20𝑎5 + 9𝑎3 = 0 ⇒  20𝑎5 = −9𝑎3 = −9 [
1

6
(𝑎0 − 𝑎1)] = 0 

                                            ⇒ 𝑎5 = −
3

40
(𝑎0 − 𝑎1)  

Put the values in  

  𝑦 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 +  𝑎4𝑥4 + 𝑎5𝑥5 + …………. 

𝑦 = 𝑎0 + 𝑎1𝑥 + (0)𝑥2 + [ 
1

6
(𝑎0 − 𝑎1)] 𝑥3 + (

𝑎1

12
) 𝑥4 + [−

3

40
(𝑎0 − 𝑎1)] 𝑥5 + …………. 

𝒚 = 𝒂𝟎[𝟏 +
𝒙𝟑

𝟔
−

𝟑𝒙𝟓

𝟒𝟎
+ …………]+𝒂𝟏[𝒙 −

𝒙𝟑

𝟔
+

𝒙𝟒

𝟏𝟐
+ …………]  

HW 

5.Find the power series solution of the equation 𝑦′′ + 𝑥𝑦′ + 𝑥2𝑦 = 0 

Ans: 𝒚 = 𝒂𝟎[𝟏 −
𝒙𝟒

𝟏𝟐
+

𝒙𝟔

𝟗𝟎
+ …………]+𝒂𝟏[𝒙 −

𝒙𝟑

𝟔
−

𝒙𝟓

𝟒𝟎
+ …………]  

6.Find the power series solution of the equation 𝑦′′ − 𝑥𝑦′ + 𝑥2𝑦 = 0 

Ans: 𝒚 = 𝒂𝟎[𝟏 −
𝒙𝟒

𝟏𝟐
−

𝒙𝟔

𝟗𝟎
− …………]+𝒂𝟏[𝒙 +

𝒙𝟑

𝟔
−

𝒙𝟓

𝟒𝟎
+ …………]  

 

All the best 

 

 

 

        

     

  


